Highly-Smooth Zero-th Order Stochastic
Online Optimization

Vianney Perchet  (with F. Bach, INRIA-ENS)

Computational and Statistical Trade-Offs in Learning
IHES, March 22 2016

CREST, ENSAE



Model, Motivations & Objectives



Motivations 1/2

- Final step in learning, statistics... minimization of loss f(x)

Structural assumption: Convex optimization

- Regularity of loss may vary
- “Non-smooth”, with “kinks” (hinge loss)
- “smooth”, if bounded second derivative
- f(x) = log(1 + exp(a™ X)), f(x) = ||x — x*|[3, much smoother

Regularity assumption: High smoothness
2nd, 3rd, ... derivatives bounded
- Noise in the data (i.i.d.) orin the program

Noise assumption: Stochastic optimization

~

f(A) = )60 — 6])%, get to observe/compute || — 8|2



Objectives 1

Stochastic Optimization of a convex function

- Unknown Mapping f: RY — R, constraint set X ¢ RY
i) Query x; € RY, feedback f(x;) + & (0-th order), & ~ N(0, 0?)
(or Vf(x1) + & for 1st order, V2f(x;) 4+ =, 2nd order)
i bis) Output x3 € X the guessed “minimum” of f

ii) Query x, € RY, get f(xy) + &, output x§ € X, etc.

Performance of an algorithm after T steps: f(x;. ) — /*
with f* = minyex f(x) = f(x*)



Objectives 2

Stochastic Online Optimization of convex functions

- Sequence of mappings f; : RY — R, constraint set X ¢ R?
i) Query x; € RY, feedback f,(x;) + & (0-th order), & ~ N(0, 0?)
(or Vfi(x1) + & for 1st order, V22f;(x;) + =4, 2nd order)
i bis) Output x5 € X the guessed “minimum” of f,
ii) Query x, € RY, get fr(x,) + &, output x5 € X, etc.

Performance of an algorithm after T steps,

T T
. .1 T )
Regret’s 7.3 i) = it 7 3 )

Not bandit! x} # x, and x, ¢ X



Our Assumptions




Assumptions: strong cvxity & smoothness

Strongly convex: Intuitively, f/(x) > p or V2(f)(x) = uld

fis p-strongly convex iff
Fy) = fx) + V) Ty = x) + 5l — v’

- Any convex mapping is 0-strongly convex

- fhas “no flat part” (linear or 3rd order)

fis 2-smooth iff
1) <F) + VAT (v = x) + 2 [1x — y|1?



Picture strong cvxity & smoothness

2-smooth !

...........

strong cvx quadratic lower-bound

smooth quadratic upper-bound



High s-smoothness

2-smooth [f(y) — Taylor; [A(X)| < 5 lly - xI?

N
N

B-smooth ‘f(y) — Taylorﬁ_q[f](x)‘ < /7\ y—x||?

fis B-smooth iff
F0) = < s ™0 = 1)

of3
<
|
Rall
=

6m1+...+md

with M () (y — )™ = SE—Zmr f0) (1 —x)™ ... (Vg — Xg)™



On the high-regularity

)~ Sy < pr AP —0)7| < Belly — %12

- 0-smooth = bounded (by Mg if X compact)

- 1-smooth = My-Lipschitz
Lemma
fis B1- and ,-smooth = B-smooth for all g € [3;, 3]

8 B8 By—B B B—P
- agMy < 2(ag Mg )%= (ag,Mg )%=P1, and a fct only of k
- Logistic Regression f(x) = Eq log(1+ exp(—a"x)) for a random.
If |lall < R, then fis co-smooth and Mg < B8R



Classic Optimization Methods




Optim without noise: Ellipsoid method

- Decrease the volums of Ellipsoids (by a constant factor
exp(—35))
- Exponential decay [Yudin & Nemirovski]

min f(x;) = f* < O(MoRexp(—%d—Tz))



Gradient methods

Xe1 = Ny (xt — an(xt))

1-smooth f(x) = f* < —-RMy, with 5 = AQL}T

2-smooth f(xr) —f* < 1|x; — x*||2M3, with n = =
2

with acceleration f(xr) — f* < L |xi — x*|’M3

A

T-smth + strg f(r) — f* < ;2M3, with n =

2-smth + strg f(x7) — f* < (57)°7 M3 |Ixa — x*|P?,

where x = M3/ is the condition number



Oth-order methods

- Using 2d queries to get Vf(-), same rate except t ~ o

fx + 800) — f(x — 80
26
- True 0-th order method (“Pyramids” in higher dimensions)

VAW,

! AXX
T VXX

~ V(x) T

Convergence: O(cl exp(—(T/)) [Nemirovski-Yudin]

From 1st to Oth order: Rates multiplied by d

14



With noise, Vf(x;) + &

- Cutting algo (ellipsoid, pyramids...).
Query d times the same points (lower the variance)
— Stochastic gradient

Xerr =% = n(VI) + &), Ell&]? ~ do?

non-strongly rates O((\j—?(/\/hR + fa)) = (\/g)
p-strongly rates O(/]—T(Mﬁ + doz)) = O(}%)

Without noise to noisy: Lose a factor d

[Shamir, Tang], [Hazan et al], [Bach, Moulines], [Bach et al]...



Sum up - Objectives

Principal rates (without smoothness for the 1st column)

1st | noisy | Oth | O/noise Our results
g= B
1 d d & 5 [&\ P [&) B
Sl T T T T (\ ?) & ( *) B2
- - 3 BT
_ a 4 d & 2\ B o 1 (2P
LS B S B A B R ()" or (%)

Existing results

Minimax speed (not strg)

p\)

) [Bubeck-Eldan],[Rakhlin et al.]

Strongly AND smooth, algo ./ /%[Hazan, Lewy]

Strongly OR smooth, algo T~/ [agarwal et al][SahaTewari])
Only Convex T 17% [Flaxman et al][Kleinberg]

Only Convex

Strongly and 6—smooth, T

U [Yu- Hazan]

5 [PolyakTsybakov]



The tricks 1/2: Stoch. Gradient

- Build an estimate of f/(x) based on the values of f(x) + ¢

F(x) o O I0=0) — ), s (x) o= 1 1 (X + 0V)av = Eyy) < of (x + 8V)
- Draw e = +1 with proba 1/2, g(z) = L*;‘S)E

Unbiased: E.[g(2)] = f5(x), Ec[g*(2)] < %

- Stochastic gradient descent (w.rt. f5 which is convex):
fs(x5) = f6(5) < 500 SO f(X5) = f(X*) S 507 + M1 S 7



Our Tricks and Algorithms




The tricks 1/2: Stoch. Gradient

- In higher dimension

E =1 §F(x + du)u = Vfs(x) with f5(x) = Eyyy < f(x + 6v)

- Ellg(9)I? < & and [f5(x) — f)| < Mo

N\ 1/4
- 2\ '/
f(X’j) . f* S Vd =+ 0 S (LT ) [Nemirovski-Yudin, Flaxman et al,, Hazan et al.]
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The tricks 2/2: Kernels

- B-regularity on f (in 1 dimension)

B
‘(X+r Y1 L Am(x) ‘_B_ﬁrﬁ
k(-) : [-1,1] = R such that

- [, rk(r)dr =1

- [1,r"k(r)dr =0 forallm € {0,2,..., 8}

59

| I x-+ yrk(nyr — 9] < S [T ()

- Explicit forms for k(-) = Rg(-) (Legendre Polynomial)
= Ri(r) = Ro(r) = 3r
= ks(r) = ku(r) = F(5 = 7r°)
~ ks(r) = ke(r) = 2(99r* — 126r* + 35)

20



Both tricks combined “smoothing”

- Smoothened B-smooth mapping f (with unbiased estimate)

fris(X) = BBy < 1f(X 4 rév)rk(r)

© Vfrs(X) = BByt 3f(x + réu)k(r)u

f50) ~ F00)| < S SUE ()

ms
V700 = V)| < 20" Ef(r)r? |
ElR(NI < 36°
ElR(n)lr < 8p*
E|R(NPT| < 20/28
fr.s is &-strongly-convex if f is p-strongly convex (and § small)
fr.s is convex if f convexand g < 2
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Two meta-algorithms

Constrained X compact, one query f(€) + € per iteration
One Point algorithm
d -
Xt = I'IX(XH — Vi {f(xf,q + O¢relt) + 51} fe(n)uz>
Ot
re ~ U([=1,1]), ue ~ U(SY)
v, 0 are deterministic sequences
Unconstrained X = RY, f(¢]) and f(¢?) (independent noises)

Two points algorithm

d i .
Xt =Xe—1 = Y5 F(Xe—1 + OereUr) — f(Xe—r — OeleUe) + ¢ | R(1e) Uy
t

22



u-Strongly convex + Constrained

- 1-point meta-algo, f is B-smooth for g > 2
Xt =My (Xt—1 — ’Yt% {f(xt 1+ Otrilt) + fz} fe(ﬁ)%)

- Choice of parameters
- = /—‘ (classic choice for u-strongly )

1

- 5= (23‘)7 (remark 1'% ~ g/e)

- Output. Averaging x; = 15> x
- Convergence guarantee (leading term)

Bfle) — < 1282 (200 ) 7 (Mo + M) + 07 + 1)

23



The Proofs!!



Sketch of proof - 6 steps

1) Definition of x; by algo
[Ixe = x|I2 < lxe—1 = XII12 = 2yt 5 [f(xe—1 + Sereut) + ex] R(re)u/” (Xe—1 — X)

+2\k(n)|” [If(xt 1+ 8ereue) 2 + ]
2) p/2-strong convexity of fs

R 2
Bl — x|I> < Ellxe—1 — x||> = 2% (Ef(s[(xt—1) — Efs,(x) + £E|xe—1 — X||2) + %??C

3) Rearranging Efs, (xe—1) — Ef5,(x) < Ellxe—1 —x|2(55- — £) — Elx — x||?52- + %d C
4) The choice of oy = 1/ut

— 2
Efs, (xe—1) — Efs,(x) < %EHXH — x> = LElx —x|> + tiTEC

5) Summing over t and averaging
%21:1 E[féz(xt—ﬂ _f5x(x)] + %E”XT _XH2 =S %T Zt q tngC

6) Plugging back f and balancing
B - 3
P1T 15T B2 &2\ B2
Ef(x7t)_f*sffzt:1ﬁ+fzt:15 NTEI ‘\(;ﬂ) :<T'>

25



Strongly convex + Unconstrained

- 2-point meta-algo, f is 3-smooth for g > 2

Xp = Xt—1 — ’Ytz% {f(xt—1 + 0triut) — f(xe— — dereur) + 64 R(re)us

- Choice of parameters
- = W (classic choice for p-strongly & 2-smooth)
- §5=0= <2‘f"” a5 ) 77 (constant step size)

tuMg

- Output. Uniform averaging x; = 151 x
- Convergence guarantee (leading term)

20° M5,

Efx) — - < 278(220) (02 +2)
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Remarks on strongly convex

B
B+2

. . 2d°M% \ B
- Constrained & unconstrained, same rates ( #Tf‘)

- In the proof, Step 5 yields
1 Blfala) — fa (0] + 5Bl —xIP S £330 5

- Using this for £E||x; — x||?, improve rates into

3

Elxr — x| < 2Bl — x| + 2Bl —x P S - (%)

~
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Convex + constrained

- 1-point meta-algo, f is -smooth for g > 2
Xe = Mx (Xt—1 = ’Yt(% {f(Xr 1+ OtreUr) + 84 f?(rt)Ut)

- Choice of parameters

StR

(classic choice for non-strongly )

dv't

- Output. Averaging x; = 15" x,
- Convergence guarantee (leading term)

avEre 55
S5) T Mo+ MY+ 02 1)

Ef(x) - f* < 19vB8(
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Remarks on convex, 5 = 2

+ Rates for 8> 2, 806) ~ 1 5 (/%)
- For 8 =2, we can get Ef(x}) — f* < (ﬂ)* — (¢;)3
The mapping fs is convex for 8 = 2, not necessarily 8 > 2.

- The first lines of proof are modified
- Instead stoch. gradient descent of f5 + approximation of f by fs
- Approximation of Vf(x) by Vfs(x) + stoch. grad descent of f.

- Loose 1in the regularity number (8 ~ 8 — 1)

29



Convex + Unconstrained

- 2-point meta-algo, f is 8-smooth for 8 > 2

Xp = Xt—1 — ’Ytz% {f(xt—1 + 0triut) — f(xe— — dereur) + 64 R(rt)us

- Choice of parameters
' (classic choice for p-strongly & 2-smooth)

de = )7 (constant step size)

+ Output. Non-uniform averaging x; = w7 S txe
- Convergence guarantee (leading term)

| M3

Bl) — 7 < B/ ) (96MBlo — '[P + 02+ 20)
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Sum up - Objectives

Principal rates (without smoothness for the 1st column)

1st | noisy | Oth | 0/noise Our results
=
1 d d & [\ 5 [d2\ B+
CvX T T T T - (\?) &< T) B2
1 d d d - 2\ B2 1 (d? %
wwe] [ [ | [ (7w

Existing results

poby (“ [Bubeck-Eldan],[Rakhlin et al]

Minimax speed (not strg)

Strongly AND smooth, algo /“—’T[Hazan, Levy]

Strongly OR smooth, algo T~/ [agarwal et al][SahaTewari])

Only Convex T~ /% [Flaxman et all[Kleinberg]

Strongly and S-smooth, % [Polyak Tsybakov]
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Online Optimization




Online Learning & Bandits

- Remember Step 5 of the proof in off-line

5) Summing over t and averaging
} e Elfala-n) = f ()] + SElxr —xIP < £330, ¢
The first term is the regret !
- All results with uniform averaging in off-line holds on-line
- Additional log(T) factor for unconstrained strongly convex

- In bandit learning, x¥ must be equal to x; (the query point),

- Theoretical results poly(d)/+/n for convex mappings
- Algo: VT for 8 = 2 and strongly convex
— Algo: T-/* for convex, T-"/3 for smooth or strongly convex

33
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