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Collective cell m

[Marchetti et al., Reviews of Modern Physics, 2013]



Polarity p

[Durande et al. 2020]
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Collective cell movement in a racetrack
Top view of a monolayer of cells

[Durande et al., thesis, 2020]
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1. 2D thermodynamic framework



Free energy

ol 11— Pl
F(p,p) = /me(p,p, Vp)
1 [
@
Y(p,p,Vp) = ;0,0”
1 2 2 ﬁ2 2 0 L | | !
+B(Z(|p‘ _1) +?‘Vp| ) -1 0 1
where p1

2: migration domain  p: density

co & ~: density penalization coefficients

B: resistance of p to viscous forces  k: correlation length
[Alert and Trepat, Ann. Rev. Cond. Matt. Phys., 2019]



Free energy

N O
F(p,p) = /Q p(p, P, V)
Co |
¥(p,p,Vp) = —p" L
¥
N R —
TB{glP =)+ 5 Ivp 1 0 1
where double-well P1

2: migration domain  p: density

co & ~: density penalization coefficients

B: resistance of p to viscous forces  k: correlation length
[Alert and Trepat, Ann. Rev. Cond. Matt. Phys., 2019]



Free energy

N O
F(p,p) = /Q pY(p, P, Vp)
C
¥(p, p,Vp) = —p" 1y
Y
L7 e 2 k%o || OL -
+ B Z(’p| _1> + E‘Vp| -1 0 1
where alignment P1

2: migration domain  p: density

co & ~: density penalization coefficients

B: resistance of p to viscous forces  k: correlation length
[Alert and Trepat, Ann. Rev. Cond. Matt. Phys., 2019]



Dissipation potential

¢<D(v),B):p(| (V)F + [div v’ +&\ZF)

where
1
D(v) = E(VV + Vv'): deformation rate tensor

0
IVJ = 3_5.? + (v - V)p — Vv - p: upper convective derivative

Pe: relaxation time



Constitutive equations: abstract case

b 8¢ O OF
= —p?—| —pVp' . — = 1
o == 5,1+ 50 pVp vy TP®% (1a)
oF 0
0= —+—f (1b)
8p ap

where

o stress tensor

or _ o ., 9%
ap _ "op Povp

[Stokes, Springer, 1984]  [Saramito, book to appear, 2023]
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Constitutive equations: concrete case

po = — cop’ T +2p(D(v) +div(v)l) — k*BpVp' - Vp
+Bp® [p<|p\2 = l)p — K’ diV(pr)}

0=p(lpP - 1)p — K di(p¥p) + Pepp

(1a)

(1b)
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Non-symmetric stress tensor

Microrotation [Cosserat and Cosserat, A. Hermann et Fils, 1909]
Couple stress theory [Stokes, Springer, 1984]
Liquid crystals [de Gennes and Prost, Clarendon Press Publication, 1993]

Microcontinuum field theory [Eringen, Springer-Verlag New York, 1999]
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Conservation laws

mass
dp
ot

linear momentum

+div(pv) =0

diV(pO‘T> + Fer =0

Definitions:
p: density
v: velocity
o stress tensor

f et external
forces

13



Resulting equations

Find v (velocity), p (density) and p (polarity) s.t.

dp . B
{E +div(pv) =0

mass

14



Resulting equations

Find v (velocity), p (density) and p (polarity) s.t.

g—i +div(pv) =0 mass
div(po ") + fee =0 momentum

where the total stress is given by

po = 2p(D(v) + div(v)l) — cop”™™ 1 — k*BpVp' - Vp
+Bp® [/}(Ipl2 - 1>p — k?div(pVp)
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Resulting equations
Find v (velocity), p (density) and p (polarity) s.t.
dp

T +div(pv) =0 mass
div(po ") + fere =0 momentum
Pe,o;v) + ,0<|p|2 — 1>p — k2div(pVp) =0 polarity

where the total stress is given by

po = 2p(D(v) +div(v)I) — qop” ™ — k*BpVp' - Vp
+Bp® [p(!pf - 1>p — K2 div(pVp)
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Resulting equations

Find v (velocity), p (density) and p (polarity) s.t.

% +div(pv) =0 mass
div(po ") + fee =0 momentum
Pep[v:i + p<|p|2 - l)p — k2div(pVp) =0 polarity

where the total stress is given by
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Pe:
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time
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Resulting equations
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Resulting equations

Find v (velocity), p (density) and p (polarity) s.t.

% +div(pv) =0 mass
div(po ") + fere =0 momentum
Pe,o;v) + ,0<|p|2 — 1>p — k2div(pVp) =0 polarity

where the total stress is given by

po = 2p(D(v) +div(v)I) — qp" ™1 — k?BpVp' - Vp
+Bp® [p(!pf - 1>p — K2 div(pVp)

Pe:
relaxation
time

k: correlation
length

B: resistance
of p to
viscous forces
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Activity

fex = fa — Cpv + div(po,)
fa = Tap

o, = —oa(p ®p+ \p!2l>

where
Cr: friction
T,: active force coefficient
0, active stress coefficient

external forces
active force

active stress

15



Complete system
Find v (velocity), p (density) and p (polarity) s.t.

dp

ot +div(pv) =0 mass
—div(pa ") + Cev = T,p + div(po,) momentum
Pep[v) + p<|p\2 - 1>p — k?div(pVp) =0 polarity

where the stresses are given by
po = 2p(D(v) + div(v)1) — cop”™ I — k2BpVp' - Vp
+8p® [p(Ip —1)p — w2 div(pVp)

0,= —Ua<P®P+ |p‘2l)
16



2. Energy estimate
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Energy estimate

(linear momentum)-v + (polarity equation)-—— L 0F ives
P Y €q Pe ap g
dissipation

dF 2 o, 1 ]oFP >

— 2p|D 2 — | —

a /Q< p|D(v)|” + 2pldiv v| +Pep‘8 + Ce|v|

= /(Tap- V+o.0pQp: D(v) + o.p|p| div v) (7)
0
activity

where %Z = pB(|p[ — 1) — k2B div(pVp)

18



Balance between dissipation & activity (1)

dissipation act|v|ty
dF OF |° T2
—_— — | | = —= <
dt * q ||Pep| Op K p!p| )I <0 ®
:n(T;I;p)

When x =0, n(|pl; p) is a polynomial in |p| and in p

19



Balance between dissipation & activity (2)

9 n(pl.p) 50000 2 n(|pl: p) 50000
1.5 25000 1.5 25000
a 1 0 ! 0
0 , : —~ —500 0 - : , | W5
0.5 1 15 2 0.5 1 15 2
p p
(a) oa = 20 (b) o, = 20/10 ~ 63.25

n(|p|; p) for T2/Cr = 400, Pe = 1/10 and B = 10

n < 0 is a necessary but not sufficient condition to have dF/dt > 0

20



3. Numerical illustrations
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Iscretization
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Time discretization

% + div(pv) =0
—div(po(p,v,p)") + Crv = T.p +div(po.(p))

op oOF B
Pep(ﬁ +(v-V)p—Vv- p) + %(p,p) =0
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Time discretization

dp
ot
—div(po(p,v,p)") + Crv = T.p +div(po.(p))

op OF B
Pep(ﬁ +(v-V)p-Vv. p) + %(p,p) =0

+ div(pv) =0

— nonlinear problem in X = (v}, p}, p7): X/ = G(X])
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Time discretization

dp
ot
—div(po(p,v,p)") + Crv = T.p +div(po.(p))

op oOF B
Pep(ﬁ +(v-V)p—Vv- p) + %(p,p) =0

+ div(pv) =0

— nonlinear problem in X! = (v, pf, p7): X' = G(X]")
— fixed-point loop: X:’k = G(X,;”k_l)
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Positivity preserving time scheme for p

A-BDF of order 2:

A W, -1 0 2 20A w,n—1 1
('d e lal n>ph lh T aenlh e An P

where A;"™" is a positivity-preserving operator discretising transport
terms using the dG upwind method at time n
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Positivity preserving time scheme for p
A-BDF of order 2:

2At pupw,n 4 -1 1430 2 20At upw,n—1 1
('d_3(1—9)A )ph san’h T 3a0Ph T 109 A Ph

where A" is a positivity-preserving operator discretising transport
terms using the dG upwind method at time n

Positivity limiter (mean conservative):
Phik (%) = vic (pak(x) = (pn)k) + (on)k

Where VK = min min(]_’ %)
nodes vk of K (pn)k—pnik(VK)
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Numerical convergence
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L2(L2) and L>®(L>°) errors in 2D, with respect to h. Ap denotes 2 div(pVp).



Boundary conditions

800 triangles, hmin = 0.1, hmax = \ﬁ/lo

No-penetration condition:

v-n=20
n-o=(n-o-n)n

Neumann condition for the polarity:

op
2 —_ =
" on 0

26



Numerical experiment (1)

A 7=\ p Parameters:

— 1.0e+00
—0.8

\
{"“}}‘ .. G| T.|oa|Pe| &k |B|v]| @
NNer /)] Fj 0.4]0.4]0.89[0.1]0.316] 0 [ 2] 100
\ ,l 0.0e+00
~ 4
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Numerical experiment (2)

A 7=\ p Parameters:

— 1.0e+00
—0.8

\
{"“}}‘ .. G| T.|oa|Pe| &k |B|v]| @
NNer /)] Fj 0.4]0.4[2.83[0.1]0.316] 0 [ 2] 100
\ Il 0.0e+00
~ 4
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Numerical experiment (3)

A 7=\ p Parameters:

— 1.0e+00
—0.8

\
{"“}}‘ .. G| T.|oa|Pe| &k |B|v]| @
NNer /)] Fj 0.4]0.4[8.94[0.1]0.316] 0 [ 2100
\ Il 0.0e+00
~ 4
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Numerical experiment (4)

2 7= N\ p Parameters:

— 1.0e+00
—0.8

\
{"“}}‘ . Cr|T.| oa|Pe|l k£ |Bly| o
NNer /)] Fj 0.4]0.4]0.89] 10 [0.316| 0| 2]
\ ,l 0.0e+00
~ 4
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Numerical experiment (5)

2 7= N\ p Parameters:

— 1.0e+00

—0.8

\
i | SlTloelPel < |Blyla
\NN—r /] Fj 04\04\283\10\0316\ 12100
\ ll 0.0e+00
= /
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Numerical experiment (6)

A 7=~ \ p Parameters:

. G| T.] 0. |Pe| £ | B |v| @

| t 0.40.4]2.83]10]0.316[0.01] 2] 100
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To sum up
1. 2D thermodynamic framework:

thermo | Constitutive activity‘

Y, ¢ equations > 2D model
2. Energy estimate:
dissipation
dF , o 1 |oFP )
— 2p|D 2p|d — = C
= +/Q<p| (V) + 2pldiv v| +Pep\ap + Crlv]

|

/ <Tap V+0pp ® p: D(v) + 0,p|p|* div v)] (7)
0

activity 33




Future work: model exploration and
comparisons with experiments

Role of domain size and
correlation length &
Influence of density p on the
dynamics (for smaller ¢p)

Does the polarity p remain
bounded? Role of B
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Topological defects

P
— 1.0e+00

—038

0.6
04
02
0.0e+00

Ipl=10

Parameters:

Cr|Ta| 0. |Pe| 5 |B

(&)

40 | 40 [2.83]0.1]0.01] 0

kd
2]

100
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Asymptotic: example

—dive =0

o — D)
3 = X3 '€
o =00+ ocWe+ O()

SS

a3s—ags)+0' e+ Ofe )

—dIVS( ) 80’35 /ax3l)
= —divy(h(c®),) = aéj( = h) — o33 (x

SS

=0)
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Asymptotic: example

—dive =0

o — D)
3 = X3 '€
o =00+ ocWe+ O()

SS

a3s—ags)+0' e+ Ofe )

= —divy(c) = 80’%15)/3x3(1)

= —divs(h(oQ);) = aixr=_h) — o5 (x3 = 0)
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Edelen’'s decomposition

Let (E,(-|-)) be a Euclidean vector space and J € C}(E).

(X]T(X)) =0

— {

(1 ¢: E+RtandU: E — E st.
¢(OE):Oand U(OE):OE
(X [uU(x)) =0

T(X) = 2 (2) + u(x)

37



Conservation laws

linear momentum
div(po) + Fexr =0

angular momentum
o120 — 091 =0

38



Conservation laws

linear momentum
div(paT) + Ffer =0

angular momentum
dIV(pC) + p(0'12 = 0'21) =0

where
c: couple stress
k = Vw: curvature-twist rate

1 8vz 8v1 ..
w = seurlv = — — —— vorticity
@xl 8x2

38



Rheolef (C++)

http://www-Ijk.imag.fr/membres/Pierre. Saramito/rheolef

Example: find u such that —Au=11in Q

int main (int arge, char®** argv) {
environment rheolef (argc, argv);
geo omega (argv[1]);
space ¥h (omega, argv(2]);
Xh.block ("boundary");
trial u (Xh); test v (Xh);
form a = integrate (dot(grad(u),grad(v)));
field 1h = integrate (v);
field uh (Xh);
uh ["boundary"] = 0;
problem p (a);
p.solve (lh, uh);
dout <« uh;

and u = 0 on JN2

Let QCRY, N=1,2,3
Xn={veHd Q) vk € P, VK € Th}
Vi = Xn 0 HY(R)

a(u.v):fVu.Vvdw
o

I(v) = /Q vdr

(P} : find up € Vi such that
alun,vn) = lva), Yon € Vi
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