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Plan of the talk

e Overview and some remainders.
¢ Presentation of the model.

e Numerical illustrations.






Overview and some remainders



Crowd motion models

Microscopic models

e Each person can be tracked individually.
e Usually based on ODEs.

e Literature: Helbing, Blue and Adler, Kirchner and Schadschneider, Maury
and Venel...

Taken from: http://www.cromosim.fr/


http://www.cromosim.fr/

Crowd motion models

Macroscopic models

e The population is presented as whole via a density p.

e Usually based on PDEs, optimal transport.

e Literature: Hughes, Bellomo and Dogbé, Kirchner and Schadschneider,
Maury et al., ...

\ A4

Taken from A.R-Chupins’ thesis
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Macroscopic models

Given a velocity V, take U[po] = Projy,)(V)

K@):{VEBGD{AJVq:quHLqu:anon@<1G.

dp +div(pV) =0in Q
Ulpl =V —Vp

p(0) = po in Q2
0<p<1,p>0,p(1—-p)=0.



Macroscopic models

Given a velocity V, take U[p] = ProjK(p)(V)

K(p) = {v € L2(Q)2,/Qqu: Vg € H.(Q),g=0a.eon[o < 1]}

oip — Ap +div(pV) =0in Q
p(0) = po in Q
0<p<1,p>0,p(1—p)=0. +BConp



Presentation of the model



Minimum flow problem

e Introduced by Martin Beckmann in 1952 as a model for transportation.
e Transference in urbain area:

BK) : inf ®(x)| dx : —div(d) = — in D'(Q) }.
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Minimum flow problem

e Introduced by Martin Beckmann in 1952 as a model for transportation.
e Transference in urbain area:

(BK) : ¢Ei;1]f {/ [D()] dx: —div(®) = i —pia inD'(2)}.

e consumers trm )

e transportation cost by consumer
* measure of excess demand




Relation to optimal transport

(MK): min{ [ =yl da(oy) v € T, pa) -

(kR): sup{ [ ud(u —p2): [Vul<1}.

Transport plan y

Kantorovich potential u

Left to right: G.Monge, L.Kantorovich and M.Beckmann
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Prediction-correction

e We consider a partition of [0, T] given by t, = k7, k=0,...,n—1.
e Transport in [tk,tk+%): oip +div(pV) = 0, with p(ty) =

~ Pry -
e Decongestion on [tk+%,tk+1 ):

L?df){ Ja Flx ®(x))dx: p € K,® € L@V, —div(®) = p s —pin D’(Q)}

with K ={p e L®(Q) : 0<p<Tae. inQ}

7 Pk
* Homogenous case: F(x,¢) = |&|.

* Quadratic case F(x, &) = j\f§|2-

° More generally a Finsler metric.



Duality: case F(x, &) = ||

Théoreme (Elj 2023)

Forany 0 < p € [°(2) , we have

(indlz) {[ql®(x)|dx: ® € F(g—p)andp e K}
(%

= max,cg { Jofpdx— [opT dx}
where

G .= {z eW!"™(Q) : z=0o0nTpand |Vz(x)|< kae. x & Q},

K={pel®Q):0<p<Tae inQ},

and
F(p—p) = {cb e QN —div(®) =g — pin Q}.



Duality: case F(x,¢) = ||

Define on M, (Q) the following functional
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~ H is convex and |.s.c.



Duality: case F(x,¢) = ||

Define on M, (Q) the following functional

- igf{/ﬂkb(x)dx : f(ﬁ—p+h)}

~ H is convex and |.s.c.

~ Use that H** = H, where:

H*(p) = sg]p<p, q) — H(q)



Numerical approximation and
examples




Iy
° ROOmQ CRzl(aQ: rNUrD) n
¢ We define discrete divergence is defined by: : b
T
J w, LU, Low,.1
1 _ 1 q)2 _ 2 i35 ..] it I_‘D
. f+l,j ,',l/j i//+l i//‘*l : L Exit Door
div. @), = 2 LA 2 2 Ui
( h )I,/ h h
1
1 i m



Subdivise [0, T] into subintervals [t, tk+%] and [tk+%' tks1], with
k=0,...,n—1. On each interval [tk,tk+]§) we solve the continuity equation

FD Fv
N
dp +div(Vp) =0
o(te) = p~,

where V = (V*, V) is the velocity field given by V = —VD/||VD||, and D

solves:
|VD|=f in Q,

D=0 onlp.



Discretization of the minimum flow problem

On each [tk+%, tkr1) we solve

inf {fQ|¢(x)|dx: — div(®) :pk+% —pinQ, ®-v=00nTy,0<p< 1}.
(0. ®)



Discretization of the minimum flow problem

On each [tk+%, tkr1) we solve

inf {fQ|¢(x)|dx: — div(®) :pk+% —pinQ, ®-v=00nTy,0<p< 1}.
(0. ®)

We rewrite it as
M) inf A(p, ®) + B(A(p, ?))
(0. ®)

where

A(p,cb):/Q\d)(x)|dx+11[0,1](p), Ap,®)=p—dived andB=1 ,

{o+ty



Discretization of the minimum flow problem

Discrete problem:

Mg = min Ap(p, ®) + By (Ap(p, @),
(0®)

where
m—+1n-+1

An(o, ®) =h* Y Y19l +To 11 (p) and By, = T¢.

i=1 j=1
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(0.®)
where
> m—+1n-+1
Ap(p, ®) =h* Y Y [0l +T011(0) and By = Ie.
i=1 j=1
Here:

1
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~» Chambolle-Pock’s primal-dual algorithm.



Discretization of the minimum flow problem

Discrete problem:

Mg = min Ap(p, ®) + By (Ap(p, @),

(0.®)
where
> m—+1n-+1
Ap(p, ®) =h* Y Y [0l +T011(0) and By = Ie.
i=1 j=1
Here:

1
€ = {(a,-,/-) ajj = pfjfz, V1i<i<m,1<j< n} and Ay (p, ®) = p — divy, .
Primal-dual form:

min max A, (p, ®) + (u, Ap(p, ®)) — B (p),
(0. ®) P

~» Chambolle-Pock’s primal-dual algorithm.

We only need to compute the ”proximal” operators of.4;, and B,



Discretization of the minimum flow problem
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Discretization of the minimum flow problem

1
Prox(p) = argminz [l — qlI>+E(q)-

Steps of (PD) algorithm:

e Initialization: Take a, B > 0, po, ®°, po, p°.
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Discretization of the minimum flow problem

1
Proxg(p) = argminz lp — qlI*+E(q)-
q

Steps of (PD) algorithm:

e Initialization: Take a, B > 0, po, ®°, po, p°.

e Primal-Dual updates:
(o1, 0™1) = Proxg, (o', @) = B (P))
plt1 = Prox,s; (p/+“,\h(p/+1/¢/+1)) ;

e Extragradient: p/t! = 2p/ 1 — pl.

Convergence: af||A|*< 1



Discretization of the minimum flow problem

]
Prox:(p) = argminz lp — qll*+E(q).
q

Computing the proximal operators:

* We have A, (p, ®) = Tjo 41(p) + [|®]l1, so,

(Prox 4, (p, ®)),, = (max(0, min(1, p;;)), max(0,1 — 7))



Discretization of the minimum flow problem

]
Prox:(p) = argminz lp — qll*+E(q).
q

Computing the proximal operators:

* We have A, (p, ®) = Tjo 41(p) + [|®]l1, so,

(Prox 4, (p, ®)),, = (max(0, min(1, p;;)), max(0,1 — 7))

* To compute Prox,z;, we make use of Moreau’s identity
p = Prox,z:(p) + aProx,—i5 (p/a).
We get,

(PrOXaB; (P))M = (Pi,/ — aProje, (pij/ 0‘)) :



Simulations

The initial density is po(x) = 15, (x) + 15, (x) with S;

=[0.31x[0,3],
S =10,3] x[3,1], Tp = {1} x [0.4,0.6] and f(x) = 1.

S



Simulations

With the same po(x), F'p = ({1} % [0.2,0.3]) U ({1} x [0.7,0.8]) and
f(x) = e (=3P +0-17)

|
S



Homogeneous case vs quadratic case

¢ We compare our model F(x, &) = [, with F(x, &) = }|&|°.
e Take po(x) = 15, (x) with

&:JQ%]xmﬂ]mﬂrD:(ﬂ}x[QQM)UQ1}XW9JD.

(=] S

@ F(x,¢) =[] ®) F(x,&) = 31g?

20



Homogeneous case vs quadratic case

¢ We compare our model F(x, &) = ||, with F(x, &) = }|¢|2.
e Take po(x) = 15, (x) with

S = [0,%] x [0,1] and Fp = ({1} x [0,0.4]) U ({1} x [0.9,1]) .

t=0.6

t=12 t=14
1 ot 1 1
0s 05 05 06
04 04 04 04
02 02 02 02
o o o 0
t=02 =06 i=12 i=14
1 1 ot 1 1
[
08 08 08 08 08
0s 0s 08 08 0s
04 04 04 <q & 04
|
02 02 02 1 02
[} o 0 ¥, [}

(@ Top line: F(x, &) = |¢|. Bottom line: F(x, &) = 1¢|?

21



Thank you for your attention!

22



	Overview and some remainders
	Presentation of the model
	Numerical approximation and examples

	3.Plus: 
	3.Reset: 
	3.Minus: 
	3.EndRight: 
	3.StepRight: 
	3.PlayPauseRight: 
	3.PlayRight: 
	3.PauseRight: 
	3.PlayPauseLeft: 
	3.PlayLeft: 
	3.PauseLeft: 
	3.StepLeft: 
	3.EndLeft: 
	anm3: 
	3.174: 
	3.173: 
	3.172: 
	3.171: 
	3.170: 
	3.169: 
	3.168: 
	3.167: 
	3.166: 
	3.165: 
	3.164: 
	3.163: 
	3.162: 
	3.161: 
	3.160: 
	3.159: 
	3.158: 
	3.157: 
	3.156: 
	3.155: 
	3.154: 
	3.153: 
	3.152: 
	3.151: 
	3.150: 
	3.149: 
	3.148: 
	3.147: 
	3.146: 
	3.145: 
	3.144: 
	3.143: 
	3.142: 
	3.141: 
	3.140: 
	3.139: 
	3.138: 
	3.137: 
	3.136: 
	3.135: 
	3.134: 
	3.133: 
	3.132: 
	3.131: 
	3.130: 
	3.129: 
	3.128: 
	3.127: 
	3.126: 
	3.125: 
	3.124: 
	3.123: 
	3.122: 
	3.121: 
	3.120: 
	3.119: 
	3.118: 
	3.117: 
	3.116: 
	3.115: 
	3.114: 
	3.113: 
	3.112: 
	3.111: 
	3.110: 
	3.109: 
	3.108: 
	3.107: 
	3.106: 
	3.105: 
	3.104: 
	3.103: 
	3.102: 
	3.101: 
	3.100: 
	3.99: 
	3.98: 
	3.97: 
	3.96: 
	3.95: 
	3.94: 
	3.93: 
	3.92: 
	3.91: 
	3.90: 
	3.89: 
	3.88: 
	3.87: 
	3.86: 
	3.85: 
	3.84: 
	3.83: 
	3.82: 
	3.81: 
	3.80: 
	3.79: 
	3.78: 
	3.77: 
	3.76: 
	3.75: 
	3.74: 
	3.73: 
	3.72: 
	3.71: 
	3.70: 
	3.69: 
	3.68: 
	3.67: 
	3.66: 
	3.65: 
	3.64: 
	3.63: 
	3.62: 
	3.61: 
	3.60: 
	3.59: 
	3.58: 
	3.57: 
	3.56: 
	3.55: 
	3.54: 
	3.53: 
	3.52: 
	3.51: 
	3.50: 
	3.49: 
	3.48: 
	3.47: 
	3.46: 
	3.45: 
	3.44: 
	3.43: 
	3.42: 
	3.41: 
	3.40: 
	3.39: 
	3.38: 
	3.37: 
	3.36: 
	3.35: 
	3.34: 
	3.33: 
	3.32: 
	3.31: 
	3.30: 
	3.29: 
	3.28: 
	3.27: 
	3.26: 
	3.25: 
	3.24: 
	3.23: 
	3.22: 
	3.21: 
	3.20: 
	3.19: 
	3.18: 
	3.17: 
	3.16: 
	3.15: 
	3.14: 
	3.13: 
	3.12: 
	3.11: 
	3.10: 
	3.9: 
	3.8: 
	3.7: 
	3.6: 
	3.5: 
	3.4: 
	3.3: 
	3.2: 
	3.1: 
	3.0: 
	2.Plus: 
	2.Reset: 
	2.Minus: 
	2.EndRight: 
	2.StepRight: 
	2.PlayPauseRight: 
	2.PlayRight: 
	2.PauseRight: 
	2.PlayPauseLeft: 
	2.PlayLeft: 
	2.PauseLeft: 
	2.StepLeft: 
	2.EndLeft: 
	anm2: 
	2.174: 
	2.173: 
	2.172: 
	2.171: 
	2.170: 
	2.169: 
	2.168: 
	2.167: 
	2.166: 
	2.165: 
	2.164: 
	2.163: 
	2.162: 
	2.161: 
	2.160: 
	2.159: 
	2.158: 
	2.157: 
	2.156: 
	2.155: 
	2.154: 
	2.153: 
	2.152: 
	2.151: 
	2.150: 
	2.149: 
	2.148: 
	2.147: 
	2.146: 
	2.145: 
	2.144: 
	2.143: 
	2.142: 
	2.141: 
	2.140: 
	2.139: 
	2.138: 
	2.137: 
	2.136: 
	2.135: 
	2.134: 
	2.133: 
	2.132: 
	2.131: 
	2.130: 
	2.129: 
	2.128: 
	2.127: 
	2.126: 
	2.125: 
	2.124: 
	2.123: 
	2.122: 
	2.121: 
	2.120: 
	2.119: 
	2.118: 
	2.117: 
	2.116: 
	2.115: 
	2.114: 
	2.113: 
	2.112: 
	2.111: 
	2.110: 
	2.109: 
	2.108: 
	2.107: 
	2.106: 
	2.105: 
	2.104: 
	2.103: 
	2.102: 
	2.101: 
	2.100: 
	2.99: 
	2.98: 
	2.97: 
	2.96: 
	2.95: 
	2.94: 
	2.93: 
	2.92: 
	2.91: 
	2.90: 
	2.89: 
	2.88: 
	2.87: 
	2.86: 
	2.85: 
	2.84: 
	2.83: 
	2.82: 
	2.81: 
	2.80: 
	2.79: 
	2.78: 
	2.77: 
	2.76: 
	2.75: 
	2.74: 
	2.73: 
	2.72: 
	2.71: 
	2.70: 
	2.69: 
	2.68: 
	2.67: 
	2.66: 
	2.65: 
	2.64: 
	2.63: 
	2.62: 
	2.61: 
	2.60: 
	2.59: 
	2.58: 
	2.57: 
	2.56: 
	2.55: 
	2.54: 
	2.53: 
	2.52: 
	2.51: 
	2.50: 
	2.49: 
	2.48: 
	2.47: 
	2.46: 
	2.45: 
	2.44: 
	2.43: 
	2.42: 
	2.41: 
	2.40: 
	2.39: 
	2.38: 
	2.37: 
	2.36: 
	2.35: 
	2.34: 
	2.33: 
	2.32: 
	2.31: 
	2.30: 
	2.29: 
	2.28: 
	2.27: 
	2.26: 
	2.25: 
	2.24: 
	2.23: 
	2.22: 
	2.21: 
	2.20: 
	2.19: 
	2.18: 
	2.17: 
	2.16: 
	2.15: 
	2.14: 
	2.13: 
	2.12: 
	2.11: 
	2.10: 
	2.9: 
	2.8: 
	2.7: 
	2.6: 
	2.5: 
	2.4: 
	2.3: 
	2.2: 
	2.1: 
	2.0: 
	1.Plus: 
	1.Reset: 
	1.Minus: 
	1.EndRight: 
	1.StepRight: 
	1.PlayPauseRight: 
	1.PlayRight: 
	1.PauseRight: 
	1.PlayPauseLeft: 
	1.PlayLeft: 
	1.PauseLeft: 
	1.StepLeft: 
	1.EndLeft: 
	anm1: 
	1.349: 
	1.348: 
	1.347: 
	1.346: 
	1.345: 
	1.344: 
	1.343: 
	1.342: 
	1.341: 
	1.340: 
	1.339: 
	1.338: 
	1.337: 
	1.336: 
	1.335: 
	1.334: 
	1.333: 
	1.332: 
	1.331: 
	1.330: 
	1.329: 
	1.328: 
	1.327: 
	1.326: 
	1.325: 
	1.324: 
	1.323: 
	1.322: 
	1.321: 
	1.320: 
	1.319: 
	1.318: 
	1.317: 
	1.316: 
	1.315: 
	1.314: 
	1.313: 
	1.312: 
	1.311: 
	1.310: 
	1.309: 
	1.308: 
	1.307: 
	1.306: 
	1.305: 
	1.304: 
	1.303: 
	1.302: 
	1.301: 
	1.300: 
	1.299: 
	1.298: 
	1.297: 
	1.296: 
	1.295: 
	1.294: 
	1.293: 
	1.292: 
	1.291: 
	1.290: 
	1.289: 
	1.288: 
	1.287: 
	1.286: 
	1.285: 
	1.284: 
	1.283: 
	1.282: 
	1.281: 
	1.280: 
	1.279: 
	1.278: 
	1.277: 
	1.276: 
	1.275: 
	1.274: 
	1.273: 
	1.272: 
	1.271: 
	1.270: 
	1.269: 
	1.268: 
	1.267: 
	1.266: 
	1.265: 
	1.264: 
	1.263: 
	1.262: 
	1.261: 
	1.260: 
	1.259: 
	1.258: 
	1.257: 
	1.256: 
	1.255: 
	1.254: 
	1.253: 
	1.252: 
	1.251: 
	1.250: 
	1.249: 
	1.248: 
	1.247: 
	1.246: 
	1.245: 
	1.244: 
	1.243: 
	1.242: 
	1.241: 
	1.240: 
	1.239: 
	1.238: 
	1.237: 
	1.236: 
	1.235: 
	1.234: 
	1.233: 
	1.232: 
	1.231: 
	1.230: 
	1.229: 
	1.228: 
	1.227: 
	1.226: 
	1.225: 
	1.224: 
	1.223: 
	1.222: 
	1.221: 
	1.220: 
	1.219: 
	1.218: 
	1.217: 
	1.216: 
	1.215: 
	1.214: 
	1.213: 
	1.212: 
	1.211: 
	1.210: 
	1.209: 
	1.208: 
	1.207: 
	1.206: 
	1.205: 
	1.204: 
	1.203: 
	1.202: 
	1.201: 
	1.200: 
	1.199: 
	1.198: 
	1.197: 
	1.196: 
	1.195: 
	1.194: 
	1.193: 
	1.192: 
	1.191: 
	1.190: 
	1.189: 
	1.188: 
	1.187: 
	1.186: 
	1.185: 
	1.184: 
	1.183: 
	1.182: 
	1.181: 
	1.180: 
	1.179: 
	1.178: 
	1.177: 
	1.176: 
	1.175: 
	1.174: 
	1.173: 
	1.172: 
	1.171: 
	1.170: 
	1.169: 
	1.168: 
	1.167: 
	1.166: 
	1.165: 
	1.164: 
	1.163: 
	1.162: 
	1.161: 
	1.160: 
	1.159: 
	1.158: 
	1.157: 
	1.156: 
	1.155: 
	1.154: 
	1.153: 
	1.152: 
	1.151: 
	1.150: 
	1.149: 
	1.148: 
	1.147: 
	1.146: 
	1.145: 
	1.144: 
	1.143: 
	1.142: 
	1.141: 
	1.140: 
	1.139: 
	1.138: 
	1.137: 
	1.136: 
	1.135: 
	1.134: 
	1.133: 
	1.132: 
	1.131: 
	1.130: 
	1.129: 
	1.128: 
	1.127: 
	1.126: 
	1.125: 
	1.124: 
	1.123: 
	1.122: 
	1.121: 
	1.120: 
	1.119: 
	1.118: 
	1.117: 
	1.116: 
	1.115: 
	1.114: 
	1.113: 
	1.112: 
	1.111: 
	1.110: 
	1.109: 
	1.108: 
	1.107: 
	1.106: 
	1.105: 
	1.104: 
	1.103: 
	1.102: 
	1.101: 
	1.100: 
	1.99: 
	1.98: 
	1.97: 
	1.96: 
	1.95: 
	1.94: 
	1.93: 
	1.92: 
	1.91: 
	1.90: 
	1.89: 
	1.88: 
	1.87: 
	1.86: 
	1.85: 
	1.84: 
	1.83: 
	1.82: 
	1.81: 
	1.80: 
	1.79: 
	1.78: 
	1.77: 
	1.76: 
	1.75: 
	1.74: 
	1.73: 
	1.72: 
	1.71: 
	1.70: 
	1.69: 
	1.68: 
	1.67: 
	1.66: 
	1.65: 
	1.64: 
	1.63: 
	1.62: 
	1.61: 
	1.60: 
	1.59: 
	1.58: 
	1.57: 
	1.56: 
	1.55: 
	1.54: 
	1.53: 
	1.52: 
	1.51: 
	1.50: 
	1.49: 
	1.48: 
	1.47: 
	1.46: 
	1.45: 
	1.44: 
	1.43: 
	1.42: 
	1.41: 
	1.40: 
	1.39: 
	1.38: 
	1.37: 
	1.36: 
	1.35: 
	1.34: 
	1.33: 
	1.32: 
	1.31: 
	1.30: 
	1.29: 
	1.28: 
	1.27: 
	1.26: 
	1.25: 
	1.24: 
	1.23: 
	1.22: 
	1.21: 
	1.20: 
	1.19: 
	1.18: 
	1.17: 
	1.16: 
	1.15: 
	1.14: 
	1.13: 
	1.12: 
	1.11: 
	1.10: 
	1.9: 
	1.8: 
	1.7: 
	1.6: 
	1.5: 
	1.4: 
	1.3: 
	1.2: 
	1.1: 
	1.0: 
	0.Plus: 
	0.Reset: 
	0.Minus: 
	0.EndRight: 
	0.StepRight: 
	0.PlayPauseRight: 
	0.PlayRight: 
	0.PauseRight: 
	0.PlayPauseLeft: 
	0.PlayLeft: 
	0.PauseLeft: 
	0.StepLeft: 
	0.EndLeft: 
	anm0: 
	0.164: 
	0.163: 
	0.162: 
	0.161: 
	0.160: 
	0.159: 
	0.158: 
	0.157: 
	0.156: 
	0.155: 
	0.154: 
	0.153: 
	0.152: 
	0.151: 
	0.150: 
	0.149: 
	0.148: 
	0.147: 
	0.146: 
	0.145: 
	0.144: 
	0.143: 
	0.142: 
	0.141: 
	0.140: 
	0.139: 
	0.138: 
	0.137: 
	0.136: 
	0.135: 
	0.134: 
	0.133: 
	0.132: 
	0.131: 
	0.130: 
	0.129: 
	0.128: 
	0.127: 
	0.126: 
	0.125: 
	0.124: 
	0.123: 
	0.122: 
	0.121: 
	0.120: 
	0.119: 
	0.118: 
	0.117: 
	0.116: 
	0.115: 
	0.114: 
	0.113: 
	0.112: 
	0.111: 
	0.110: 
	0.109: 
	0.108: 
	0.107: 
	0.106: 
	0.105: 
	0.104: 
	0.103: 
	0.102: 
	0.101: 
	0.100: 
	0.99: 
	0.98: 
	0.97: 
	0.96: 
	0.95: 
	0.94: 
	0.93: 
	0.92: 
	0.91: 
	0.90: 
	0.89: 
	0.88: 
	0.87: 
	0.86: 
	0.85: 
	0.84: 
	0.83: 
	0.82: 
	0.81: 
	0.80: 
	0.79: 
	0.78: 
	0.77: 
	0.76: 
	0.75: 
	0.74: 
	0.73: 
	0.72: 
	0.71: 
	0.70: 
	0.69: 
	0.68: 
	0.67: 
	0.66: 
	0.65: 
	0.64: 
	0.63: 
	0.62: 
	0.61: 
	0.60: 
	0.59: 
	0.58: 
	0.57: 
	0.56: 
	0.55: 
	0.54: 
	0.53: 
	0.52: 
	0.51: 
	0.50: 
	0.49: 
	0.48: 
	0.47: 
	0.46: 
	0.45: 
	0.44: 
	0.43: 
	0.42: 
	0.41: 
	0.40: 
	0.39: 
	0.38: 
	0.37: 
	0.36: 
	0.35: 
	0.34: 
	0.33: 
	0.32: 
	0.31: 
	0.30: 
	0.29: 
	0.28: 
	0.27: 
	0.26: 
	0.25: 
	0.24: 
	0.23: 
	0.22: 
	0.21: 
	0.20: 
	0.19: 
	0.18: 
	0.17: 
	0.16: 
	0.15: 
	0.14: 
	0.13: 
	0.12: 
	0.11: 
	0.10: 
	0.9: 
	0.8: 
	0.7: 
	0.6: 
	0.5: 
	0.4: 
	0.3: 
	0.2: 
	0.1: 
	0.0: 


