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Hilbert’'s 12th problem

Theorem (Kronecker-Weber)

T = [ Q(er/m)

m>3
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Hilbert’'s 12th problem

Theorem (Kronecker-Weber)

T = [ Q(er/m)

m>3

Hilbert's 12th problem

Give an explicit description of the abelian extensions of a given field
using analytic functions.
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Hilbert's 12th problem: imaginary quadratic case

Imaginary quadratic case: Complex multiplication
If Ox = [1, 7] then

K = |J K(i(r), w(1/m, 7))

m>2

where j is the j-invariant and w is Weber's function.
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Hilbert's 12th problem: imaginary quadratic case

Imaginary quadratic case: Complex multiplication
If Ox = [1, 7] then
ab

K" = |J K§(r), w(1/m,7))

m>2

where j is the j-invariant and w is Weber's function.

Elliptic units (Robert)

Abelian extensions of an imaginary quadratic field K are given by
elliptic units built from Jacobi's 6 function:

0(1/q,7)*"/6(N/q, N7)™

for explicit g, N € Z, 7 € K.
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Rank one abelian Stark conjectures

Consider an abelian extension L. /K in the following cases:
o K is totally real; only one infinite place v splits completely in L.

@ K has exactly one complex place v and LL is totally complex.
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Rank one abelian Stark conjectures

Consider an abelian extension L. /K in the following cases:
o K is totally real; only one infinite place v splits completely in L.

@ K has exactly one complex place v and LL is totally complex.

Rank one abelian Stark conjectures

Fix a place w of IL above v. There is a unit u € IL such that for all
o € Gal(L/K),

1
('(0,0) = —g|0g|ug|w

and such that L(u'/¢)/K is abelian.

Pierre L. L. Morain (IMJ-PRG, SU) Algebraic specialisations of multiple elliptic Gamma functions



Totally Real Fields (case TR,)

o K is totally real with a finite place v which splits completely in
the totally complex field L

Theorem (Dasgupta, Kakde, 2023)

Abelian extensions of a totally real field F are given by the
Brumer-Stark p-units for which there is an explicit analytic p-adic
formula, together with the square root function. In other words,

= U  Fu,vai,...,Ja)

Brumer-Stark units
and conjectures

where ag, ..., «, are elements of [F representing all possible signs in

(—1,1}7/(~1,...,—1).
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Second Kronecker limit formula

If 7 =x+iyisa CM point and Q(u,v) =y *(u+ 7)(v + 7) is the
associated quadratic form, define the associated twisted { function
for ®(s) > 1 and (u,v) & Z*:

CQ(Sa u, V) _ Z e2i7r(mu+nv)Q(m’ n)fs

m,n€Z2—{(0,0)}

01(z,7) = exp(im((n+1/2)°7 + (2n+ 1)(z — 1/2)))

nez

Second Kronecker limit formula

Co(1,u,v) = —7log e 0y (v — ur, 7) /n(7)?
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The 6 and I functions

Jacobi’s 6 function
9(2, 7_) _ H(l . e2i7r(m+1)Te—2iTrZ)(1 . e2i7rm7'e2i7rz)

m>0

It is well defined for &(7) > 0 and z € C. Elliptic units are built from
this function and give the Stark units above imaginary quadratic
fields.
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The 6 and I functions

Jacobi’s 6 function
9(2, 7_) _ H(l . 62i7r(m+1)7'672i7rz)(1 . e2i7TmTe2i7TZ)

m>0

It is well defined for &(7) > 0 and z € C. Elliptic units are built from
this function and give the Stark units above imaginary quadratic
fields.

Ruijsenaars’ elliptic [ function (1997)
1— e2i7r(m—|—1)7'e2i7r(n—‘,—1)ae—2i7rz

F(z, 7, U) = H 1 — e2immT g2imno g2inz
m,n>0

It is well defined for (1) > 0,3(0) > 0and z & Z + Z<oT + Z<o0.
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Multiple elliptic Gamma functions

Nishizawa's G, functions (2001)

G(z,70,...,7r) = H (1 — ﬁ ezi”(merl)Tfe_Zi”Z)

mo,...,m, >0 Jj=0
r (=1
> (1 . H e2i7rmj7—je2i7rz>
=0

These functions are well-defined if 3(7;) > 0 for all 0 < j < r and for
Z@ L+ o2 if ris odd.

v

We identify 8 = Gy and [ = G;.
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Simple properties

Periodicity:

G(z,70,...,7)=G(z+1,70,...,7) = G(z,70,..., 7+ 1,...,7/)
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Simple properties

Periodicity:

G(z,70,...,7)=G(z+1,70,...,7) = G(z,70,..., 7+ 1,...,7/)

Pseudo-periodicity:

Gr(z+7_j> 70y - - - 77_r) = Gr—l(za Ty -5 Tj—15 Tj41y - - - aTr)Gr(Za 70, - - 77_r)
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Simple properties

Periodicity:

G(z,70,...,7)=G(z+1,70,...,7) = G(z,70,..., 7+ 1,...,7/)

Pseudo-periodicity:

Gr(z+7_j> 70y - - - 77_r) = Gr—l(za Ty -5 Tj—15 Tj41y - - - aTr)Gr(Za 70, - - 77_r)

M(z+7,7,0)=0(z,0)[(z,7T,0)

G2(Z -+ To,To,Tl,Tz) = G1(2,7'1>7—2)G2(ZaTO>T1>T2)
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Modular property ?

We want an analogue of the modular property:

9 (E, __1) — exp(iTPo(z, 7))0(z, T)

T T

where

224z +T+1 1
_Z S —
T 6 6r 2

Po(z,7) =
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Bernoulli polynomials

Let wy,...,wg € C—{0}. Then put

d
t" + Oth
E BanLU]_,...,(,d )n|:eZHm

n>0 j=1
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Bernoulli polynomials

Let wy,...,wg € C—{0}. Then put

d
t" + (Jth
E BanLU]_,...,(A) )n|:esz

n>0 j=1
t" zmt™ kj thi
B (z,wsq,...,w = g | | g Bi.w
Z dn(Z,01, - d),,| ml kWj k |
n>0 m>0 1<j<d \ k>0
where B} (z,w1,...,wy) is a homogeneous polynomial of degree n

in d 4+ 1 variables with rational coefficients.
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Modular property for G,

Theorem (Narukawa, 2003)

Consider a family wy, ..., w12 € C — {0} such that for all j # n,
wj/wn & R. Then the following equality

ﬁ G, = ( ) — exp < —2im B;k+2,r+2(sz1= 200 7wr+2)>
j Wi n#j (r T 2)' Wiz . .. Wrg2

holds whenever the left-hand side makes sense as a function of z.
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Geometric construction

o L arank r + 2 lattice and A = Homy(L, Z) its dual space.
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Geometric construction

o L arank r + 2 lattice and A = Homy(L, Z) its dual space.
@ A basis B of A.
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Geometric construction

o L arank r + 2 lattice and A = Homy(L, Z) its dual space.
@ A basis B of A.
@ Primitive linear forms ag, ..., a, € A such that

detB(ao, It ) 7é 0
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Geometric construction

o L arank r + 2 lattice and A = Homy(L, Z) its dual space.
@ A basis B of A.
@ Primitive linear forms ag, ..., a, € A such that

detB(ao, It ) 7é 0

@ Define v € L the unique primitive vector such that:
ds € Zwo, detg(ag,...,a,, ) = sy

@ Choose any linear form ¢ € A such that detg(ao, ..., a,,c) = s.
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Geometric construction

@ A complex number w € C and an embedding o : L — C.
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Geometric construction

@ A complex number w € C and an embedding o : L — C.
@ Define By, ..., 3, € C such that in Homgy(L, C):

(v ) =D Baj+c
j=0
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Geometric construction

A complex number w € C and an embedding o : L — C.
Define 5o, ..., 3, € C such that in Homg(L, C):

(v ) =D Baj+c
Jj=0

Define d; = sign(3(5;)) and D =7 o(d; — 1)/2.
Define C* = {4 € L, 3;(d) > 0if dj = 1,(0) < 0 if dj = —1}.
Define C~ ={d € L,a;(6) <0if dj =1,a;(5) > 0if dj = —1}.
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Geometric construction

Definition

[ w (:l:l)r
Gr,ao,.., (W a, L (-1)° H (1 :|:217r (5)) )
sec*

There are explicitly computable parameters 7g,...,7, € o(L ® Q)
and an explicit finite set F,, ., = F C C such that

Gr a0 (W, 0, L) HG(Z’]‘(),..., r)

zeF
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Modular property and equivariance

Theorem (M. 2024)

Let ag, ..., a,4+1 be linear forms in A which are linearly independent.

There is an explicit Bernoulli polynomial B,;5 4 ...a.,, (W, 0, L) such
that

© Modular property:

r+1
H Grv(ak)k#j(w7 g, L)(ily = exp(iﬂ-BH-Zao,m,arﬂ(W7 g, L))

Jj=0
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Modular property and equivariance

Theorem (M. 2024)

Let ag, ..., a,4+1 be linear forms in A which are linearly independent.

There is an explicit Bernoulli polynomial B,;5 4 ...a.,, (W, 0, L) such
that

© Modular property:

r+1
H Grv(ak)k#j(w7 g, L)(ily = exp(iﬂ-BH-Zao,m,arﬂ(W7 g, L))

Jj=0

@ Equivariance property: Vg € SL,;2(Z),

Gr,g‘ao,...,gar(wa g0, L) - Gr,ao,..,,ar(W> g, L)

Br+2,g~ao,...,g~ar+1(wa g -0, L) — Br+2,a0,..,,a,+1(W7 g, L)
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Cocycle relation for SL,.»(Z):

Fix a primitive vector a in A. Consider the following function:

Va(81,- - 8) = Gr(agia. (11 £)5) = Crltlal.-lgla

where

/
[g1| |gl <g1,.. ng,7ng>
j=1
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Cocycle relation for SL,.»(Z):

Fix a primitive vector a in A. Consider the following function:

Va(81,- - - 8) = Gr(aga,. (1 g)2) = Crlilgl.lgla

where

/
[g1| |gl <g1,.. ng,7ng>
j=1

Proposition
The coboundary of 1, is:

di.(g1, - -, 8r+1) = exp(iTBria[1ig]...lgr+1]2)
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Arithmetic construction

e K an ATR field of degree d = r +2 > 3.
@ f# (1) an integral ideal. Set gZ = Z N .

@ c1,...,&, fundamental units for O;F’X.
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Arithmetic construction

e K an ATR field of degree d = r +2 > 3.

f # (1) an integral ideal. Set gZ = Z N .
€1,...,&, fundamental units for O;“X.

a a smoothing ideal of prime norm N.

b integral ideals representing classes in C/*(f).
Fix L =fb~1.

Fix 0 a complex embedding of K.

® 6 66 o ¢ o
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Arithmetic construction

(Weak) admissibility conditions :
e hel
@ h/g=1mod L
@ h/N is a generator of the cyclic group L/(a"*L)
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For p € &,, for (weakly) admissible vectors h, € L and orientations
i, = £1, define:

J
Upj = H Ep(i)
i—1
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For p € &,, for (weakly) admissible vectors h, € L and orientations
i, = £1, define:

J
Upj = H Ep(i)
i—1

A primitive linear form a, € A = Homy(L, Z) such that

Nodp = ppdetg(hy, upih,, oo Uy hy ), A, € Zsg
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For p € &,, for (weakly) admissible vectors h, € L and orientations

i, = £1, define:
J
Upj = H Ep(7)
i=1
A primitive linear form a, € A = Homy(L, Z) such that

Nodp = ppdetg(hy, upih,, oo Uy hy ), A, € Zsg

Gr,ap,umlap,..‘,up,,ap(U(hp)/qg g, L)N
G”apv”p,lap:-"v“p,rap(U(hp)/q7 g, a_lL)

Ir,f,a,b(sl, ey Epy (hp)’ (/'l’p)) _ H

pEG,
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A conjectural Kronecker limit formula for higher

degree

Conjecture

Under some conditions on f and ¢4, ..., &,, for any integral ideal b
representing a class in C/*(f), for any permutation p € &,, there is
an explicitly computable set of (strongly) admissible vectors h , and
signs wp,, and an explicit finite set Zfl depending only on f such that:

H /,f,ab €1,---,€r, (Zhh,p)a (Mb,p))

zeZ1
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A conjectural Kronecker limit formula for higher

degree

Under some conditions on f and ¢4, ..., &,, for any integral ideal b
representing a class in C/*(f), for any permutation p € &,, there is
an explicitly computable set of (strongly) admissible vectors h , and
signs wp,, and an explicit finite set Zfl depending only on f such that:

Up = H lr,f,a,b(517 <5 Ery (Zhh,p)a (Mb,p))

1
ZEZf

is the image in C of a unit inside K™ (f) related to the Stark unit and

NG([6],0) — ¢/([ab], 0) = ——
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Computations of the G, functions

1 sin(mj(2z—(ro++7)) \ if , ;
exp (2ojs1 (2,-)er JHL:O sin0(7rj~rk) > if r is odd
2 cos(mj(2z—(To+--+7r)))

G (z,70,...,7/) = .
exp (2 jo1 @G I gsin(irn) ) 1L ris even
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Computations of the G, functions

1 sin(mj(2z—(ro++7)) \ if , ;
exp (2ojs1 (2,-)er JHL:O sin0(7rj~rk) > if r is odd
2 cos(mj(2z—(To+--+7r)))

G (z,70,...,7/) = .
exp (2 jo1 @G I gsin(irn) ) 1L ris even

This is convergent for 7; ¢ R and [3(2z — Y 77)] < X |S(7))-
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\p 300

x = exp(log(2)/3)*exp(2*1*Pi/3) \\root of x3 — 2

t = (x*(x+1) + 3)/15

s=(x-8)/15

f(z, n, j) = sin(Pi*j*n*(2*z-t-s)) /(j*sin(Pi*j*t*n)*sin(Pi*j*s*n))
g(z, n) = suminf(j = 1, n*f(z, 1, j) - f(z, n, j))

exp(-g(-1/3, 5)/(2*1))

algdep(%, 6)
x0 +3x° +6x* +5x3+6x2+3x+1
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A quartic example

Fix z € C such that z* — 623 — 722 —3z+ 1 =0 and $(z) > 0.
Fix K = Q(z), f the degree one prime above 2.

Fix a the degree one prime above 13.

Fix

e1 = (—22°+1322—z+3)/7, &, = (—52°+292°+ 152 +18)/7
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A quartic example

7'282—15 T/:—6+1/€1+1/(€1€2)

O'I—?—i—l/&z oc=—e,+15

p=—¢e1—3 pl=14s14+19 —1/e
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A quartic example

~ 4.1210208... — i - 5.0617720...

We compute 1000 digitis and obtain a root of the polynomial
y8 —7y" +33y5 +49y° + 17y* + 49y +33y2 — 7y + 1.
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Quintic example

@ Starting from the base field given by x° — x* — x3 —2x2 + x +1
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Quintic example

@ Starting from the base field given by x® — x* — x> —2x2 + x + 1

@ We build using similar ideas the classfield given by

(y*°4+1)+24(y° +y)+164(y®+y?)+99(y +y>)—62(y°+y*)—89y°
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Hextic example

@ Starting from the base field given by
x8 — x> —6x* —13x®> - 8x%2 + 6x + 3
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Hextic example

@ Starting from the base field given by
x8 — x> —6x* —13x®> - 8x%2 + 6x + 3

@ We build using similar ideas the classfield given by

y'? 41— 16081532175162(y™* + y)

+ 174467692474122866754346581(y* + y?)
— 491736942447747944014748686(y° + y°)
+ 1044987444198027077770817370(y® + y*)
— 1535869228950388545317759682(y" + y°)
+ 1737975534353196401914779597°
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Thank you!
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