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INTRODUCTION



Starting with Abel’s theorem and E-M summation formula
For s ∈ C, |z |< 1, the following functions are well defined2

Lis(z) :=
∑
n>0

zn

ns
and 1

(1−z) Lis(z) =
∑
n≥0

Hs(n)z
n.

In particular, Li1(z) = − log(1− z) and then
1

1−z
Li1(z) =

1
1−z

log 1
1−z

=
∑
n≥0

H1(n)z
n.

For ℜ(s) > 1, applying a theorem by Abel, one has
lim
z→1

Lis(z) = lim
n→+∞

Hs(n) =
∑
n>0

1
ns

< +∞.

This common limit is denoted usually by ζ(s), the Riemann ζ function.

For any r ∈ N+, by the Euler-Maclaurin summation formula, one has3

r ≥ 2, Hr (n) = ζ(r)−
k−1∑

j=r−1

Bj−r+1

j

(
j

r−1

)
1
nj
+ O

(
1
nk

)
,

r = 1, H1(n) = log n + γ −
k−1∑
j=1

Bj

j
1
nj
+ O

(
1
nk

)
.

This means that, using the comparison scale {na logb(n)}a∈Z≤−1,b∈N,

γk := f.p.
n→+∞

Hk(n) =

{
γ if k = 1,

ζ(k) if k > 1.
2
Hs : N −→ Q, n 7−→ Hs(n) = 1 + 2−s + . . .+ n−s .

3Bj is the jth Bernoulli number and γ is the Euler-Mascheroni constant.



From ζ function in several variables to monoids

For (s1, . . . , sr ) ∈ Cr , |z |< 1, the following functions are well defined4

Lis1,...,sr (z) :=
∑

n1>...>nr>0

zn1

n
s1
1 ...nsrr

and
Lis1,...,sr (z)

(1−z) =
∑
n≥0

Hs1,...,sr (n)z
n.

Over Hr = {(s1, . . . , sr ) ∈ Cr |∀m = 1, . . . , r ,ℜ(s1) + . . .+ ℜ(sm) > m},
lim
z→1

Lis1,...,sr (z) = lim
n→+∞

Hs1,...,sr (n) =
∑

n1>...>nr>0

n−s1
1 . . . n−sr

r < +∞.

This common limit can be denoted by ζr (s1, . . . , sr ) or by ζ(s1, . . . , sr ).

Z := spanQ{Lis1,...,sr (1)} s1,...,sr∈N+
s1>1,r>0

= spanQ{Hs1,...,sr (+∞)} s1,...,sr∈N+
s1>1,r>0

,

(s1, . . . , sr ) ∈ Nr
+ ↔ ys1 . . . ysr ∈ Y ∗

πX

⇋
πY

x s1−1
0 x1 . . . x

sr−1
0 x1 ∈ X ∗x1,

where X = {x0, x1} (resp. Y = {yk}k≥1) generating the free monoid
(X ∗, 1X∗) (resp. (Y ∗, 1Y ∗)).

Let LynX (resp. LynY ) be the ordered set of Lyndon words over X
(resp. Y ) with x1 ≻ x0 (resp. y1 ≻ y2 ≻ · · · ). Then (Perrin’s lemma)

l ∈ LynY ⇐⇒ πX l ∈ LynX \ {x0}.

In all the sequel, let X denote X or Y .

4
Hs1,...,sr : N −→ Q, N 7−→ Hs1,...,sr (N) =

∑N

n1>...>nr>0 n
−s1
1 . . . n−sr

r .



ALBEBRAIC COMBINATORICS ON
NONCOMMUTATIVE POWER SERIES



MRS10 factorization of ⊔⊔-group-like series in C〈〈X 〉〉
(C〈X 〉, conc)5 and (C〈〈X 〉〉, conc) (resp. LieC〈X 〉 and LieC〈〈X 〉〉): algebras
(resp. Lie algebras) of polynomials and of series over X with coeff. in C.

Let6 S be a ⊔⊔ -group-like series7 in C〈〈X 〉〉. Then8

S =
∑

w∈X∗

〈S |w〉w =
∑

w∈X∗

〈S |Sw 〉Pw =
ց∏

l∈LynX

e〈S|Sl 〉Pl ,

where {Pl}l∈LynX

{Sl}l∈LynX
is basis of9 LieQ〈X〉

(Q〈X〉,⊔⊔ )
, over which is constructed the pair

of dual bases {Pw}w∈X∗

{Sw}w∈X∗
which are defined, for w = l i11 . . . l ikk

(l1, . . . , lk ∈ LynX and l1 > . . . > lk), as follows

Pw = P i1
l1
. . .P ik

lk
and Sw = 1

i1!...ik !
S⊔⊔ i1
l1

⊔⊔ . . . ⊔⊔ S⊔⊔ ik
lk

.

〈Pl |Sk〉 = δl,k (for l , k ∈ LynX ) and 〈Pu|Sv 〉 = δu,v (for u, v ∈ X ∗).
5∆conc is defined by ∆conc(w) =

∑

u,v∈X∗,uv=w

u ⊗ v .

6
⊔⊔ is defined, for any x , y ∈ X and w , v ∈ X ∗, by w ⊔⊔ 1X∗ = 1X∗ ⊔⊔ w = w and

xw ⊔⊔ yv = x(w ⊔⊔ yv) + y(xw ⊔⊔ v). Or equivalently, ∆⊔⊔ (x) = 1X∗ ⊗ x + x ⊗ 1X∗ .
7i.e. ∆⊔⊔ (S) = S ⊗ S and 〈S |1X∗〉 = 1
8{〈S |Sl〉}l∈LynX are called locale coordinates (of second kind) of S on the

group of ⊔⊔ -group-like series.
9P ∈ LieQ〈X 〉 ⇐⇒ ∆⊔⊔ (P) = 1X∗ ⊗ P + P ⊗ 1X∗ .

10MRS is an contraction of Mélançon, Reutenauer and Schützenberger.



Computing examples of {Pl}l∈LynX

{Sl}l∈LynX
in (Q〈X 〉, conc, 1X ∗,∆⊔⊔)

The polynomials {Pl}l∈LynX

{Sl}l∈LynX
are homogenous in weight11.

l Pl Sl
x0 x0 x0
x1 x1 x1

x0x1 [x0, x1] x0x1

x20 x1 [x0, [x0, x1]] x20 x1
x0x

2
1 [[x0, x1], x1] x0x

2
1

x30 x1 [x0, [x0, [x0, x1]]] x30 x1
x20 x

2
1 [x0, [[x0, x1], x1]] x20 x

2
1

x0x
3
1 [[[x0, x1], x1], x1] x0x

3
1

x40 x1 [x0, [x0, [x0, [x0, x1]]]] x40 x1
x30 x

2
1 [x0, [x0, [[x0, x1], x1]]] x30 x

2
1

x20 x1x0x1 [[x0, [x0, x1]], [x0, x1]] 2x30 x
2
1 + x20 x1x0x1

x20 x
3
1 [x0, [[[x0, x1], x1], x1]] x20 x

3
1

x0x1x0x
2
1 [[x0, x1], [[x0, x1], x1]] 3x20 x

3
1 + x0x1x0x

2
1

x0x
4
1 [[[[x0, x1], x1], x1], x1] x0x

4
1

x50 x1 [x0, [x0, [x0, [x0, [x0, x1]]]]] x50 x1
x40 x

2
1 [x0, [x0, [x0, [[x0, x1], x1]]]] x40 x

2
1

x30 x1x0x1 [x0, [[x0, [x0, x1]], [x0, x1]]] 2x40 x
2
1 + x30 x1x0x1

x30 x
3
1 [x0, [x0, [[[x0, x1], x1], x1]]] x30 x

3
1

x20 x1x0x
2
1 [x0, [[x0, x1], [[x0, x1], x1]]] 3x30 x

3
1 + x20 x1x0x

2
1

x20 x
2
1 x0x1 [[x0, [[x0, x1], x1]], [x0, x1]] 6x30 x

3
1 + 3x20 x1x0x

2
1 + x20 x

2
1 x0x1

x20 x
4
1 [x0, [[[[x0, x1], x1], x1], x1]] x20 x

4
1

x0x1x0x
3
1 [[x0, x1], [[[x0, x1], x1], x1]] 4x20 x

4
1 + x0x1x0x

3
1

x0x
5
1 [[[[[x0, x1], x1], x1], x1], x1] x0x

5
1

11The weight of w ∈ X ∗ is the length of w , i.e. |w |.
For any l ∈ LynX , the weight of Pl equals the weight of Sl and equals | l |.



MRS factorization of -group-like series in C〈〈Y 〉〉

Let12 S be a -group-like series13 in C〈〈Y 〉〉. Then14

S =
∑

w∈Y ∗

〈S |w〉w =
∑

w∈Y ∗

〈S |Σw 〉Πw =
ց∏

l∈LynY

e〈S|Σl〉Πl ,

where {Πl}l∈LynY

{Σl}l∈LynY
is basis of15 Prim (Y )

(Q〈Y 〉, )
, over which is constructed the

pair of dual bases {Πw}w∈Y∗

{Σw}w∈Y∗
which are defined, for w = l i11 . . . l ikk

(l1, . . . , lk ∈ LynY and l1 > . . . > lk), as follows
Πw = Πi1

l1
. . .Πik

lk
and Σw = 1

i1!...ik !
Σ i1

l1
. . . Σ ik

lk
.

〈Πl |Σk〉 = δl,k (for l , k ∈ LynY ) and 〈Πu|Σv 〉 = δu,v (for u, v ∈ Y ∗).

12 is defined, for any yi , yj ∈ Y and w , v ∈ Y ∗, by w 1Y∗ = 1Y∗ w = w

and yiu yjv = yi (u yjv) + yj(yiu v) + yi+j(u v). Or equivalently,
∆ (yi ) = 1Y∗ ⊗ yi + yi ⊗ 1Y∗ .

13i.e. ∆ (S) = S ⊗ S and 〈S |1Y∗〉 = 1.
14{〈S |Σl〉}l∈LynY are called locale coordinates (of second kind) of S on the

group of -group-like series.
15P ∈ Prim (Y ) ⇐⇒ ∆ (P) = 1Y∗ ⊗ P + P ⊗ 1Y∗ .



Computing examples of {Πl}l∈LynY

{Σl}l∈LynY
in (Q〈Y 〉, conc, 1Y ∗,∆ )

The polynomials {Πl}l∈LynY

{Σl}l∈LynY
are homogenous in weight16.

l Πl Σl

y2 y2 − 1
2
y21 y2

y3 y3 − 1
2
y1y2 − 1

2
y2y1 + 1

3
y31 y3

y2y1 y2y1 − y1y2
1
2
y3 + y2y1

y4 y4 − 1
2
y1y3 − 1

2
y22 − 1

2
y3y1 y4

+ 1
3
y21 y2 + 1

3
y1y2y1 + 1

3
y2y

2
1 − 1

4
y41

y3y1 y3y1 − 1
2
y2y

2
1 − y1y3 + 1

2
y21 y2

1
2
y4 + y3y1

y2y
2
1 y2y

2
1 − 2 y1y2y1 + y21 y2

1
6
y4 + 1

2
y3y1 + 1

2
y22 + y2y

2
1

y5 y5 − 1
2
y1y4 − 1

2
y2y3 − 1

2
y3y2 − 1

2
y4y1 + 1

3
y21 y3 y5

+ 1
3
y1y

2
2 + 1

3
y1y3y1 + 1

3
y2y1y2 + 1

3
y22 y1 + 1

3
y3y

2
1 − 1

4
y31 y2

− 1
4
y21 y2y1 − 1

4
y1y2y

2
1 − 1

4
y2y

2
1 y1 + 1

5
y41 y1

y4y1 y4y1 − 1
2
y22 y1 − 1

2
y3y

2
1 + 1

3
y2y

3
1 − y1y4 + 1

2
y21 y3 + 1

2
y1y

2
2 − 1

3
y31 y2

1
2
y5 + y4y1

y3y2 y3y2 − 1
2
y3y

2
1 − 1

2
y1y

2
2 + 1

4
y1y2y

2
1 − 1

12
y2y

3
1

1
2
y5 + y3y2

+ 1
12

y31 y2 − y2y3 + 1
2
y22 y1 + 1

2
y21 y3 − 1

4
y21 y2y1

y3y
2
1 y3y

2
1 − 1

2
y2y

3
1 − 2y1y3y1 + 1

2
y21 y2y1 + 1

2
y1y2y

2
1 + y21 y3 − 1

2
y31 y2

1
6
y5 + 1

2
y4y1 + 1

2
y3y2 + y3y

2
1

y22 y1 y22 y1 − 2y2y1y2 − 1
2
y21 y2y1 + 1

2
y31 y2 + 1

2
y2y

3
1 + y1y

2
2 − 1

2
y1y2y

2
1

1
6
y5 + 1

2
y4y1 + 1

2
y2y3 + y22 y1

y2y
3
1 y2y

3
1 − 3y1y2y

2
1 + 3y21 y2y1 − y31 y2

1
24

y5 + 1
6
y4y1 + 1

4
y3y2 + 1

2
y3y

2
1

+ 1
6
y2y3 + 1

2
y22 y1 + 1

2
y2y1y2 + y2y

3
1

16The weight of w = ys1 . . . ysr ∈ Y ∗ is the number (w) = s1 + . . .+ sr .
For any l ∈ LynY , the weight of Πl equals the weight of Σl and equals (l).



Representative series and Sweedler’s dual
Crat〈〈X 〉〉 is the smallest algebra containing C〈X 〉, closed by17 {+, conc, ∗}.
It is also closed by ⊔⊔ and, in addition, Crat〈〈Y 〉〉 is also closed by .

Proposition
The following assertions are equivalent

1. S ∈ Crat〈〈X 〉〉.

2. There is a lin. rep., (ν, µ, η) of rank n, of S with ν ∈ M1,n(C),
η ∈ Mn,1(C) and a morphism of monoids µ : X ∗ → Mn,n(C) s.t.

S = ν
( ց∏

l∈LynX

eSlµ(Pl )
)
η

(
and also S = ν

( ց∏
l∈LynY

eΣlµ(Πl )
)
η

)
.

3. The shifts18 {S ⊳ w}w∈X∗ (resp. {w ⊲ S}w∈X∗) lie within a finitely
generated shift-invariant C-module.

4. ∃{Gi ,Di}i∈I finite in Crat〈〈X〉〉×Crat〈〈X〉〉
Crat〈〈Y 〉〉×Crat〈〈Y 〉〉

s.t. ∆conc(S) =
∑

i∈I Gi ⊗ Di .

Hence,
H◦

⊔⊔
(X )∼=(Crat〈〈X〉〉,⊔⊔ ,1X∗ ,∆conc),

H◦ (Y )∼=(Crat〈〈Y 〉〉, ,1Y∗ ,∆conc).

17The Kleene star of S , 〈S |1X∗〉 = 0, is the sum S∗ =
∑

n≥0 S
n.

18Left (resp. right) shift of S by P ∈ C〈X 〉 is defined, for any w ∈ X ∗, by
〈P ⊲ S |w〉 = 〈S |wP〉 (resp. 〈S ⊳ P|w〉 = 〈S |Pw〉).



Linear representations of rational series

Proposition
The module Crat〈〈X 〉〉 (resp. Crat〈〈Y 〉〉) is closed by ⊔⊔ (resp. ).
Moreover, for any i = 1, 2, let Ri ∈ Crat〈〈X 〉〉 and (νi , µi , ηi ) be its
representation of dimension ni . Then the linear representation of

R∗
i is

( (
0 1

)
,

{(
µi (x) + ηiνiµi (x) 0

νiηi 0

)}

x∈X

,

(
ηi
1

))
,

that of R1 + R2 is
( (

ν1 ν2
)
,

{(
µ1(x) 0

0 µ2(x)

)}

x∈X

,

(
η1
η2

))
,

that of R1R2 is
( (

ν1 0
)
,

{(
µ1(x) η1ν2µ2(x)
0 µ2(x)

)}

x∈X

,

(
η1µ2η2
η2

))
,

that of R1 ⊔⊔ R2 is (ν1 ⊗ ν2, {µ1(x)⊗ In2 + In1 ⊗ µ2(x)}x∈X , η1 ⊗ η2),

that of R1 R2 is (ν1 ⊗ ν2, {µ1(yk)⊗ In2 + In1 ⊗ µ2(yk)

+
∑

i+j=k

µ1(yi )⊗ µ2(yj)}k≥1, η1 ⊗ η2).



Kleene stars of the plane( ∑
x∈X

αxx
)∗

⊔⊔

( ∑
x∈X

βxx
)∗

=
( ∑
x∈X

(αx + βx)x
)∗
,

( ∑
s≥1

asys
)∗ ( ∑

s≥1

bsys
)∗

=
( ∑
s≥1

(as + bs)ys +
∑

r ,s≥1

asbrys+r

)∗
,

where {αx}x∈X , {βx}x∈X , {as}s≥1, {bs}s≥1 are complex numbers. Then

1. Let ys , yr ∈ Y , as , ar ∈ C. Then
(−asys)

∗ (asys)
∗ = (−a2s y2s)

∗,
(asys)

∗ (aryr )
∗ = (asys + aryr + asarys+r )

∗.

2. ∀n ∈ N, c ∈ C, x ∈ X , 〈(cx)∗ ⊔⊔(1 + cx)n|(cx)k〉 =
(
n+k
k

)
, k ∈ N.

3. Let x ∈ X , yk ∈ Y and c ∈ C, n ∈ N≥1. Then
((cx)∗)⊔⊔ n = (ncx)∗, ((cx)∗)n = (cx)∗ ⊔⊔(1 + cx)n−1,

((cyk)
∗) n =

( n∑
i=1

(n − i + 1)cyik
)∗

=
n
⊔⊔

i=1
((n − i + 1)cyik)

∗.

4. Let m, n1, . . . , nk ∈ N, c1, . . . , ck ∈ C and x1, . . . , xm ∈ X .Then
m
⊔⊔

i=1
((cixi )

∗)ni+1 =
m
⊔⊔

i=1
(cixi )

∗
⊔⊔(1 + cixi )

ni =
( m∑
i=1

cixi
)∗

⊔⊔
m
⊔⊔

i=1
(1 + cixi )

ni ,

∀k ∈ N, 〈
m
⊔⊔

i=1
((cixi )

∗)ni+1|
( m∑
i=1

cixi
)⊔⊔ k

〉 =
(
n1+···+nm

k

)
.



Linear representation of (−t2x0x1)
∗

⊔⊔(t2x0x1)
∗

(t2x0x1)
∗ ↔ (ν1, {µ1(x0), µ1(x1)}, η1),

(−t2x0x1)
∗ ↔ (ν2, {µ2(x0), µ2(x1)}, η2),

ν1 =
(
1 0

)
, η1 =

(
1
0

)
, µ1(x0) =

(
0 t
0 0

)
, µ1(x1) =

(
0 0
t 0

)
,

ν2 =
(
1 0

)
, η2 =

(
1
0

)
, µ2(x0) =

(
0 it
0 0

)
, µ2(x1) =

(
0 0
it 0

)
.

(ν, {µ(x0), µ(x1)}, η) = (ν1 ⊗ ν2, {µ1(x0)⊗ I2 + I2 ⊗ µ2(x0),
µ1(x1)⊗ I2 + I2 ⊗ µ2(x1)}, η1 ⊗ η2),

ν =
(
1 0 0 0

)
,

µ(x0) =




0 0 t 0
0 0 0 t
0 0 0 0
0 0 0 0


+




0 it 0 0
0 0 0 0
0 0 0 it
0 0 0 0


 =




0 it t 0
0 0 0 t
0 0 0 it
0 0 0 0


 ,

µ(x1) =




0 0 0 0
0 0 0 0
t 0 0 0
0 t 0 0


+




0 0 0 0
it 0 0 0
0 0 0 0
0 0 it 0


 =




0 0 0 0
it 0 0 0
t 0 0 0
0 t it 0


 , η =




1
0
0
0


 .



Identities
(−t2x0x1)

∗
⊔⊔(t2x0x1)

∗ = (−4t4x20x
2
1 )

∗

(−t2y2)
∗ (t2y2)

∗ = (−t4y4)
∗

1start 2

x0, it

x1, it

Istart II

x0, t

x1, t

(1, I)start

(2, I)

(2, II)

(1, II)

x0, it

x0, t

x0, t

x1, it x1, t

x1, itx1, t

x0, it

1start 2start 3start

y2,−t2 y2, t
2 y4,−t4

(−t2y2)
∗ ↔ (ν2, µ2(y2), η2)

= (1,−t2, 1),

(t2y2)
∗ ↔ (ν1, µ1(y2), η1)

= (1, t2, 1),

(−t4y4)
∗ ↔ (ν, µ(y4), η)

= (1,−t4, 1).



Subalgebra of Crat〈〈X 〉〉
Proposition

1. The algebras (C[{x∗}x∈X ], ⊔⊔ , 1X∗) and (C〈X 〉, ⊔⊔ , 1X∗) are
C-algebraically disjoint and {x∗, l} x∈X

l∈LynX
generates freely

(C[{x∗}x∈X ]〈X 〉, ⊔⊔ , 1X∗) ∼= (C[{x∗}x∈X ][LynX ], ⊔⊔ , 1X∗)
∼= (C[{x∗, l} x∈X

l∈LynX
], ⊔⊔ , 1X∗).

2. Let ϕ : (C[{x∗}x∈X ]〈X 〉, ⊔⊔ , 1X∗) → (C,×, 1) be a ⊔⊔-morphism.
Let K := C[{ϕ(x∗)}x∈X ] and F := C[{ϕ(l)}l∈LynX ].

Then the following assertions are equivalent

2.1 The morphism ϕ is injective.

2.2 The algebras K and F , satisfying K ∩ F = C.1, are generated
by the transcendent bases {ϕ(x∗)}x∈X and {ϕ(l)}l∈LynX ,
respectively, over C.

If 1, or 2, holds then F and K are C-algebraically disjoint and
{ϕ(x∗), ϕ(l)} x∈X

l∈LynX
generates freely

C[{ϕ(x∗)}x∈X ][{ϕ(l)}l∈LynX ] ∼= C[{ϕ(x∗), ϕ(l)} x∈X
l∈LynX

].



MORPHISMS Li•
H•

AND ζ⊔⊔
γ•

OF (Crat〈〈X 〉〉,⊔⊔ ,1X∗)
(Crat〈〈Y 〉〉, ,1Y ∗)



Iterated integrals and representative series
(H(Ω), 1Ω) : the ring of hol. funct. on the simply connected dom. Ω of C.
The iterated integral, over {ωi}i≥1 and along z0  z on Ω, is defined by

αz
z0
(1X∗) = 1Ω, and αz

z0
(xi1 . . . xik ) =

z∫
z0

ωi1(z1) . . .
zk−1∫
z0

ωik (zk),

satisfying αz
z0
(w ⊔⊔ v) = αz

z0
(w)αz

z0
(v) (w , v ∈ X ∗, Chen’s lemma). Hence,

∀x ∈ X , k ≥ 0, αz
z0
(xk) = (αz

z0
(x))k/k! and then αz

z0
(x∗) = eα

z
z0
(x).

Example (with ω0(z) = z−1dz and ω1(z) = (1− z)−1dz)

αz
1(x

k
0 ) =

z∫
1

ω0(z1) . . .
zk−1∫
1

ω0(zk−1) =
logk (z)

k! .

αz
0(x

k
1 ) =

z∫
0

ω1(z1) . . .
zk−1∫
0

ω1(zk−1) = Li1,...,1(z) =
logk ((1−z)−1)

k! .

αz
0(x0x1) =

z∫
0

ds
s

s∫
0

dt
1−t

=
z∫
0

ds
s

s∫
0

dt
∑
k≥0

tk =
∑
k≥1

z∫
0

ds sk−1

k
=

∑
k≥1

zk

k2 = Li2(z).

αz
0(x

s1−1
0 x1 . . . x

sk−1
0 x1) = Lis1,...,sr (z) =: Li

x
s1−1
0 x1...x

sk−1

0 x1
(z).

Example (with ω0(z) = z−1dz and ω1(z) = (1− z)−1dz)
αz
1(x

∗
0 ) = z , αz

1((−x0)
∗) = z−1, αz

0(x
∗
1 ) = (1− z)−1.

Lix∗
0
(z) = z , Li(−x0)∗(z) = z−1, Lix∗

1
(z) = (1− z)−1.



Isomorphism of algebras of polynomials Li•

1. The following morphism of algebras is injective
Li• : (C〈X 〉, ⊔⊔ , 1X∗) −→ (C{Liw}w∈X∗ , ., 1) ,

x0 7−→ log(z)

x s1−1
0 x1 . . . x

sr−1
0 x1 7−→ Li

x
s1−1
0 x1...x

sr−1
0 x1

= Lis1,...,sr .

{Liw}w∈X∗ is C-lin. indpt and then {LiSl
}l∈LynX is C-alg. indpt.

One defines then

L :=
∑

w∈X∗

Liw w =
ց∏

l∈LynX

eLiSl Pl and19 Z⊔⊔ :=
ց∏

l∈LynX\X

eLiSl (1)Pl .

L(z) ∼0 e
x0 log(z) and L(z) ∼1 e

−x1 log(1−z)Z⊔⊔ and L satisfies20

dS = (ω0x0 + ω1x1)S s.t.
∑

w∈X∗

αz
z0
(w)w =: Cz0 z .

2. The following morphism of algebras is injective
P• : (C〈Y 〉, , 1Y ∗) −→ (C{Pw}w∈Y ∗ ,⊙, 1) ,

w 7−→ Pw (z) :=
LiπX w (z)

1−z
=

∑
n≥0

Hw (n)z
n.

{Pw}w∈Y ∗ is C-lin. indpt and then {PΣl
}l∈LynY is C-alg. indpt.

19∀l ∈ LynX \ X , Sl is polynomial on λ ∈ LynX \ X ⊂ x0X
∗x1.

20
L(z) = Cz0 zL

−1(z0) and, for z0 → 0, L(z) normalizes Cz0 z and L(z0) is
a counter term.



Isomorphism of algebras of polynomials H•

1. The following morphism of algebras is injective21

H• : (C〈Y 〉, , 1Y ∗) −→ (C{Hw}w∈Y ∗ , ., 1) ,
ys1 . . . ysr 7−→ Hys1 ...ysr

= Hs1,...,sr .

{Hw}w∈Y ∗ is C-lin. indpt and then {HΣl
}l∈LynY is C-alg. indpt.

One defines then

H :=
∑

w∈Y ∗

Hww =
ց∏

l∈LynY

eHΣl
(n)Πl and Z :=

ց∏
l∈LynY\{y1}

eHΣl
(+∞)Πl .

Let Const := exp
(
−

∑
k≥0

Hyk
(−y1)

k

k

)
. Then H(n) ∼+∞ Const(n)πYZ⊔⊔ .

2. ∀s1, . . . , sr ∈ N, ∃αj , ηi ∈ Z, κi , βj ∈ N, cj ∈ Z and bi ∈ Z ′ s.t.22

Lis1,...,sr (z) ∼
z→1

+∞∑
j=0

cj(1− z)αj logβj (1− z),

Hs1,...,sr (n) ∼
N→+∞

+∞∑
i=0

bin
ηi logκi (n),

where Z ′ denotes the Q-algebra generated by Z and by γ.

21For any w ∈ Y ∗,Hw : N → Z.
22These coefficients of asymptotic expansion depend on comparison scale.



-character γ•
∀w ∈ Y ∗, γw := f.p.

n→+∞
Hw (n), {na logb(n)}a∈Z≤−1,b∈N.

γ• realizes a -character: γy1 = γ and ∀l ∈ LynY \ {y1}, γl = Hl (+∞).
One defines then

Zγ :=
∑

w∈Y ∗

γww =
ց∏

l∈LynY

eγΣl
Πl = eγy1Z .

In particular, 〈Zγ |Σy1〉 = γ and 〈Zγ |Σl 〉 = γΣl
= ζ(Σl ), for l ∈ LynY \ {y1}.

Example (convergent cases)
Li2,1(z) = ζ(3) + (1− z) log(1− z)− 1− 1

2 (1− z) log2(1− z)

+ (1− z)2
(
− 1

4 log
2(1− z) + 1

4 log(1− z)
)
+ . . . ,

H2,1(n) = ζ(3)− 1
n
(log(n) + 1 + γ) + 1

2n log(n) + . . . .

Example (divergent cases)
Li1,2(z) = 2− 2ζ(3) + ζ(2) log 1

1−z
+ 2(1− z) log 1

1−z

+ (1− z) log2 1
1−z

+ 1
2 (1− z)2

(
log2(1− z)− log(1− z)

)
+ . . . ,

H1,2(n) = ζ(2)γ − 2ζ(3) + ζ(2) log(n) + 1
2n (ζ(2) + 2) + . . . .

Since ζ(2)γ = .94948171111498152454556410223170493364000594947366 . . .
then f.p.

z→1
Li1,2(z) = 2− 2ζ(3) 6= f.p.

n→+∞
H1,2(n) = ζ(2)γ − 2ζ(3).



Polymorphism of algebras of polynomials ζ
The following polymorphism of algebras is surjective

ζ : (Q⊕x0Q〈X〉x1,⊔⊔ ,1X∗ )
(Q⊕(Q〈Y 〉(Y\{y1}Y ∗), ,1Y∗ )

−։ (Z,×, 1),

x
s1−1
0 x1...x

sr−1
0 x1

ys1 ...ysr
7−→

∑
n1>...>nr>0

n−s1
1 . . . n−sr

r .

Similar to γ•, the polymorphism ζ is extended as the following characters
ζ⊔⊔ : (Q〈X 〉, ⊔⊔ , 1X∗) −→ (Z,×, 1),
ζ : (Q〈Y 〉, , 1Y ∗) −→ (Z,×, 1),

s.t.23 ζ⊔⊔ (Sx0) = log(1) = 0 and, for any LynX \ {x0} or l ∈ LynY ,

ζ⊔⊔ (Sl ) = 〈Z⊔⊔ |Sl〉 = f.p.
z→1

LiSl
(z), {(1− z)a logb(1− z)}a∈Z≤−1,b∈N,

ζ (Σl ) = 〈Z |Σl 〉 = f.p.
n→+∞

HΣl
(n), {naHb

1(n)}a∈Z≤−1,b∈N.

In particular, one obtains simultaneously ζ⊔⊔ (x1) = ζ (y1) = 0.

ζ(−s1, . . . ,−sr ) ↔
∑

n1>...>nr>0

ns11 . . . nsrr , where (s1, . . . , sr ) ∈ Nr?

Li−s1,...,−sr (z) =
s1+...+sr+r∑

k=0

pk(1− z)−k ∈ Z[(1− z)−1]

⇐⇒ H−s1,...,−sr (n) =
s1+...+sr+r∑

k=0

pk
(
n+k
k

)
∈ Q[n].

23Recall that Sx0 = x0, Sx1 = x1, Σy1 = y1 .



Extensions of Li•
H•

over
(C〈X 〉 ⊔⊔ ⊔⊔

x∈X

Crat〈〈x〉〉,⊔⊔ ,1X∗)

(C〈Y 〉
y∈Y
finite

Crat〈〈y〉〉, ,1Y∗)

1. By the identities (x∗)⊔⊔ n = (nx)∗, (ax)∗n = (ax)∗ ⊔⊔(1− ax)n−1 and
since αz

1((ax0)
∗) = za, αz

0((bx1)
∗) = (1− z)−b then

(n ∈ N, x ∈ X , a, b ∈ C)
Li(x∗

0 )
⊔⊔ n

⊔⊔ (x∗
1 )

⊔⊔ k (z) = zn(1− z)−k ,

Li(ax0)∗n(z) = za
n−1∑
k=0

(
n−1
k

) (a log z)k

k! ,

Li(ax1)∗n(z) = (1− z)−a
n−1∑
k≥1

(
n−1
k

) (−a log(1−z))k

k! .

In particular, Li(x∗
0 )

⊔⊔ n(z) = zn and Li(x∗
1 )

⊔⊔ k (z) = (1− z)−k .

Hence,
Lix∗

0
(z) = z , Lix∗

1
(z) = (1− z)−1, Li(x0+x1)∗(z) = z(1− z)−1.

2. By Newton-Girard identity, for any yk ∈ Y and t ∈ C, | t |< 1, one has

H(tkyk )∗ =
∑
n≥0

Hyn t
kn = exp

( ∑
n≥1

Hykn
(−tk )n−1

n

)
.



C{Liw}w∈X ∗

Proposition
C := C[z , z−1, (1− z)−1], C0 := C[z , z−1], C1 := C[z , (1− z)−1],
C′ := C[z−1, (1− z)−1], C′

0 := C[z−1], C′
1 := C[(1− z)−1].

Let us consider the following morphisms of algebras
ϕ : (C[x∗0 , (−x0)

∗, x∗1 ], ⊔⊔ , 1X∗) → (C,×, 1Ω), R 7→ LiR ,
ϕ′ : (C[x∗0 , x

∗
1 ], ⊔⊔ , 1X∗) → (C′,×, 1Ω), R 7→ LiR ,

ϕ′
i : (C[x

∗
i ], ⊔⊔ , 1X∗) → (C′

i ,×, 1Ω), R 7→ LiR , i = 0, 1.
Let G be the group generated by {z 7→ 1− z , z 7→ 1/z}. Then

1. ϕ is surjective. The shuffle-ideal kerϕ = spanC{x
∗
0 ⊔⊔ x∗1 − x∗1 + 1}.

2. ϕ′, ϕ′
0, ϕ

′
1 are bijective.

3. For any G ∈ C and g ∈ G, one has G (g) ∈ C. Moreover, if
G (z) = p1(z) + p2(z

−1) + p3((1− z)−1) ∈ C, with p1, p2, p3 ∈ C[z ]
s.t. p2(0) = p3(0) = 0 and p2, p3 6= 0, then

G (z) ∼0 G0(z) = p2(z
−1) and G (z) ∼1 G1(z) = p3((1− z)−1).

4. C{Liw}w∈X∗ ∼= C ⊗C C{Liw}w∈X∗ which is closed by {θ0, θ1, ι0, ι1},
where θ0 = z∂z and θ1 = (1− z)∂z and θ0ι0 = θ1ι1 = Id.
Moreover, ℓ(g(z)) ∈ C{Liw}w∈X∗ , for ℓ ∈ C{Liw}w∈X∗ and g ∈ G.



Extensions of ζ⊔⊔
γ•

over
(C〈X 〉 ⊔⊔ ⊔⊔

x∈X

Crat〈〈x〉〉,⊔⊔ ,1X∗)

(C〈Y 〉
y∈Y
finite

Crat〈〈y〉〉, ,1Y ∗)

Proposition (ω0(z) = z−1dz and ω1(z) = (1− z)−1dz)
For any ys1 . . . ysr ∈ (Y ∪ {y0})

∗ associated to (s1, . . . , sr ) ∈ Nr , let
Rys1 ...ysr

∈ (Z[x∗1 ], ⊔⊔ , 1X∗) be defined by

Rys1 ...ysr
=

s1∑
k1=0

. . .

(s1+...+sr )−

(k1+...+kr−1)∑
kr=0

(
s1
k1

)
. . .

( r
∑

i=1

si−
r−1
∑

i=1

ki

kr

)
ρk1 ⊔⊔ . . . ⊔⊔ ρkr ,

ρ0 = x∗1 − 1X∗ and ρki = x∗1 ⊔⊔

ki∑
j=1

S2(ki , j)j!(x
∗
1 − 1X∗)⊔⊔ j ,

where the S2(ki , j)’s are Stirling numbers of second kind. Then
αz
0(Rys1 ...ysr

) = LiRys1
...ysr

(z) = Li−s1,...,−sr (z), HπY (Rys1
...ysr

) = H−s1,...,−sr .

ζ⊔⊔
γ•

are extended, for any t ∈ C s.t. | t |< 1, as follows

ζ⊔⊔ ((tx0)
∗) = ζ⊔⊔ ((tx1)

∗) = 1 and γ(tyk )∗ = Γ−1
yk

(1 + t),

where24 Γyk (1 + t) :=





exp
(
γt −

∑
n≥2

ζ(n) (−t)n

n

)
, if k = 1,

exp
(
−

∑
n≥1

ζ(kn) (−tk )n

n

)
, if k ≥ 2.

24In particular, Γy1 is the eulerian Gamma function, Γ.



Computational examples

Example
Li−1,−1(z) = −Lix∗

1
(z) + 5Li(2x1)

∗ (z) − 7Li(3x1)
∗ (z) + 3Li(4x1)

∗ (z)

= −(1 − z)−1 + 3(1 − z)−2 + 3(1 − z)−3 − (1 − z)−4,
Li−2,−1(z) = Lix∗

1
(z) − 11Li(2x1)

∗ (z) + 31Li(3x1)
∗ (z) − 33Li(4x1)

∗ (z) + 12Li(5x1)
∗ (z)

= (1 − z)−1 − 9(1 − z)−2 + 17(1 − z)−3 − 23(1 − z)−4 − 14(1 − z)−5,
Li−1,−2(z) = Lix∗

1
(z) − 9Li(2x1)

∗ (z) + 23Li(3x1)
∗ (z) − 23Li(4x1)

∗ (z) + 8Li(5x1)
∗ (z)

= (1 − z)−1 − 7(1 − z)−2 + 9(1 − z)−3 − 13(1 − z)−4 − 18(1 − z)−5.

Example
ζ⊔⊔ (−1,−1) = 0,

ζ⊔⊔ (−2,−1) = −1,

ζ⊔⊔ (−1,−2) = 0.

Example
H−1,−1(n) = −Hy∗

1
(n) + 5H(2y1)

∗ (n) − 7H(3y1)
∗ (n) + 3H(4y1)

∗ (n)

= n(n − 1)(3n + 2)(n + 1)/24,
H−2,−1(n) = Hy∗

1
(n) − 11H(2y1)

∗ (n) + 31H(3y1)
∗ (n) − 33H(4y1)

∗ (n) + 12H(5y1)
∗ (n)

= n(n2 − 1)(10n2 + 15n + 2)/120,
H−1,−2(n) = Hy∗

1
(n) − 9H(2y1)

∗ (n) + 23H(3y1)
∗ (n) − 23H(4y1)

∗ (n) + 8H(5y∗
1
)(n)

= n(10n5 + 12n4 − 10n3 − 35n2 + 5n + 3)/180.

Example
γ−1,−1 = −Γ−1(2) + 5Γ−1(3) − 7Γ−1(4) + 3Γ−1(5) = 11

24
,

γ−2,−1 = Γ−1(2) − 11Γ−1(3) + 31Γ−1(4) − 33Γ−1(5) + 12Γ−1(6) = − 73
120

,

γ−1,−2 = Γ−1(2) − 9Γ−1(3) + 23Γ−1(4) − 23Γ−1(5) + 8Γ−1(6) = − 67
120

.



Example using identity (ty1)
∗ (−ty1)

∗ = (−t2y2)
∗

Since γ(−t2y2)∗ = Γ−1
y2

(1 + it), γ(ty1)∗ = Γ−1
y1

(1 + t), γ(−ty1)∗ = Γ−1
y1

(1 + t)
then γ(−t2y2)∗ = γ(ty1)∗γ(−ty1)∗ , i.e. Γ

−1
y2

(1− t) = Γ−1
y1

(1 + t)Γ−1
y1

(1− t).
By the definitions of Γy1 , Γy2 and the Euler’s complement formula, one gets

exp
(
−

∑
k≥2

ζ(2k) t
2k

k

)
= sin(tπ)

tπ =
∑
k≥1

(tiπ)2k

(2k)! .

Hence, −
∑
k≥1

ζ(2k) u
2k

k
=

∑
k≥1

(uiπ)2k
∑
l≥1

(−1)l−1

l

∑
n1,...,nl≥1
n1+...+nl=k

l∏
i=1

1
Γ(2ni+2) .

One can deduce then the following expression for ζ(2k):

ζ(2k)
π2k = k

k∑
l=1

(−1)k+l

l

∑
n1,...,nl≥1
n1+...+nl=k

l∏
i=1

1
Γ(2ni+2) ∈ Q.

Example
ζ(2)

π2 = 1
Γ(4)

= 1
6
,

ζ(4)

π4 = 2
(

(−1)2+1

1
1

Γ(6)
+

(−1)2+2

2
1

Γ(4)Γ(4)

)

= 1
90

,

ζ(6)

π6 = 3
3
∑

l=1

(−1)3+l

l

∑

n1,...,nl≥1
n1+...+nl=3

l
∏

i=1

1
Γ(2ni+2)

= 1
945

,

ζ(8)

π8 = 4
4
∑

l=1

(−1)4+l

l

∑

n1,...,nl≥1
n1+...+nl=4

l
∏

i=1

1
Γ(2ni+2)

= 1
9450

,

ζ(10)

π10 = 5
5
∑

l=1

(−1)5+l

l

∑

n1,...,nl≥1
n1+...+nl=5

l
∏

i=1

1
Γ(2ni+2)

= 1
93555

.



Example using identities (−t2y2)
∗ (t2y2)

∗ = (−t4y4)
∗

(−t2x0x1)
∗

⊔⊔(t2x0x1)
∗ = (−4t4x20 x

2
1 )

∗

In the previous example, since γ(−t2y2)∗ = ζ((−t2y2)
∗) then

∑
k≥0

ζ(

ktimes︷ ︸︸ ︷
2, . . . , 2)(−1)k t2k = sin(tπ)

tπ =
∑
k≥1

(−1)k (tπ)2k

(2k+1)! .

Then, identifying the coefficients of t2k , one obtains

ζ(

ktimes︷ ︸︸ ︷
2, . . . , 2)

π2k = 1
(2k+1)! ∈ Q.

Since γ(−t4y4)∗ = Γ−1
y4

(1− t), γ(−t2y2)∗ = Γ−1
y2

(1− t), γ(t2y2)∗ = Γ−1
y2

(1 + t)

then γ(−t4y4)∗ = γ(t2y2)∗γ(−t2y2)∗ i.e. Γ−1
y4

(1− t) = Γ−1
y2

(1 + t)Γ−1
y2

(1− t).
By the definitions of Γy2 , Γy4 , one gets (see also previous example)

exp
(
−

∑
k≥1

ζ(4k) t
4k

k

)
= sin(itπ)

itπ
sin(tπ)

tπ =
∑
k≥1

2(−4tπ)4k

(4k+2)! .

γ(−t4y4)∗ = ζ((−t4y4)
∗), γ(−t2y2)∗ = ζ((−t2y2)

∗), γ(t2y2)∗ = ζ((t2y2)
∗). Then

ζ((−t4y4)
∗) = ζ((−t2y2)

∗)ζ((t2y2)
∗) = ζ((−t2x0x1)

∗)ζ((t2x0x1)
∗))

= ζ((−t2x0x1)
∗

⊔⊔(t2x0x1)
∗) = ζ((−4t4x20 x

2
1 )

∗).

Expanding the Kleene stars and identifying the coefficients of t4k , one gets

ζ(

ktimes︷ ︸︸ ︷
3, 1, . . . , 3, 1)

π4k =
ζ(

ktimes︷ ︸︸ ︷
4, . . . , 4)
4kπ4k = 2

(4k+2)! ∈ Q.



APPLICATION TO
ZAGIER’S DIMENSION CONJECTURE



Abel-like results obtained by Hopf-like techniques

Theorem (Abel-like theorem and bridge equations)
lim
z→1

ey1 log(1−z)πYL(z) = lim
n→∞

Const(n)
−1

H(n) = πYZ⊔⊔ .

Hence, Zγ = B(y1)πYZ⊔⊔ , or equivalently by cancellation, Z = B ′(y1)πYZ⊔⊔ ,

where B(y1) = exp
(
γy1 −

∑
k≥2

ζ(k) (−y1)
k

k

)
and B ′(y1) = exp

( ∑
k≥2

ζ(k) (−y1)
k

k

)
.

Identifying the coefficients of yk
1 w in Zγ = B(y1)πYZ⊔⊔ , one obtains25

γyk
1

=
∑

s1,...,sk>0
s1+...+ksk=k

(−1)k

s1!...sk !
(−γ)s1

(
− ζ(2)

2

)s2
. . .

(
− ζ(k)

k

)sk
,

γyk
1 w

=
k∑

i=0

ζ(x0(−x1)
k−i

⊔⊔ πXw ])
i!

( i∑
j=1

bi,j(γ,−ζ(2), 2ζ(3), . . .)
)
,

where the bn,k(t1, . . . , tk)’s are Bell polynomials, k ∈ N+ and w ∈ Y ∗Y .

Example (Generalized Euler’s gamma constant)
γ1,1 = 1

2 (γ
2 − ζ(2)),

γ1,1,1 = 1
6 (γ

3 − 3ζ(2)γ + 2ζ(3)),
γ1,7 = ζ(7)γ + ζ(3)ζ(5)− 54

175ζ(2)
4,

γ1,1,6 = 4
35ζ(2)

3γ2 + (ζ(2)ζ(5) + 2
5ζ(3)ζ(2)

2 − 4ζ(7))γ + ζ(6, 2)
+ 19

35ζ(2)
4 + 1

2ζ(2)ζ(3)
2 − 4ζ(3)ζ(5).

25Recall that (s1, . . . , sr ) ↔ ys1 . . . ysr ⇋
πX
πY

x
s1−1
0 x1 . . . x

sr−1
0 x1



Algorithm LocaleCordinateIdentification

Z∞
irr (X ) := {},L∞

irr (X ) := {},Rirr (X ) := {};
for p range in 2, . . . ,∞ do
for l range in the totally ordered26 Lynp(X ) do
identify the coefficients of Πl in Zγ = B(y1)πYZ⊔⊔ ;
identify the coefficients of Pl in πXZγ = B(x1)Z⊔⊔

end for;
by elimination, obtain the system of equations in {ζ(Σl )}l∈Lynp(X );
by elimination, obtain the system of equations in {ζ(Sl )}l∈Lynp(Y );
for l range in the totally ordered Lynp(X ) do
express the equation led by ζ(Σl ) as rewriting rule;
if ζ(Σl ) → ζ(Σl )
then Z∞

irr (Y ) := Z∞
irr (Y ) ∪ {ζ(Σl )} and L∞

irr (Y ) := L∞
irr (Y ) ∪ {Σl}

else Rirr (Y ) := Rirr (Y ) ∪ {Σl → Υl};
express the equation led by ζ(Sl ) as rewriting rule;
if ζ(Sl ) → ζ(Sl )
then Z∞

irr (X ) := Z∞
irr (X ) ∪ {ζ(Sl )} and L∞

irr (X ) := L∞
irr (X ) ∪ {Sl}

else Rirr (X ) := Rirr (X ) ∪ {Sl → Ul}
end for

end for

26Lynp(X ) denotes the set of Lyndon words over X of weight p.



Polynomial relations on local coordinates {ζ(Sl )}l∈LynX\X

{ζ(Σl )}l∈LynY\{y1}

The identification of local coordinates in Zγ = B(y1)πYZ⊔⊔ , leads to

1. A family of algebraic generators Z∞
irr (X ) of Z constructed as follows

Z≤2
irr (X ) ⊂ · · · ⊂ Z≤k

irr (X ) ⊂ · · · ⊂ Z∞
irr (X ) =

⋃
k≥2

Z≤k
irr (X )

and their inverse image, by a section of ζ,

L≤2
irr (X ) ⊂ · · · ⊂ L≤k

irr (X ) ⊂ · · · ⊂ L∞
irr (X ) =

⋃
k≥2

L≤k
irr (X )

such that the following restriction is bijective
ζ : Q[L∞

irr (X )] → Z = Q[Z∞
irr (X )] = Q[{ζ(p)}p∈L∞

irr
(X )].

2. A ideal RX generated by the polynomials {Ql} l∈LynX
l 6=y1,x0,x1

homogenous

in weight (= (l)) such that the following assertions are equivalent

i. Ql = 0,
ii. Σl → Σl (resp. Sl → Sl ),
iii. Σl ∈ L∞

irr (Y ) (resp. Sl ∈ L∞
irr (X )).

0 6= Ql is led by Σl (resp. Sl), being transcendent over Q[L∞
irr (X )],

and Σl →Υl (resp. Sl →Ul) belonging Q[L
≤(l)
irr (X )]. In other terms,

Σl = Ql +Υl (resp. Sl = Ql + Ul ), i.e.

spanQ
{Sl}l∈LynX\X

{Σl}l∈LynY\{y1}
= RX ⊕ spanQL

∞
irr (X ).



Homogenous polynomials relations on local coordinates

Identification local coordinates in Zγ = B(y1)πYZ⊔⊔ , yields relations among
{ζ(Σl )}l∈LynY\{y1}, or {ζ(Sl )}l∈LynX\X , which are independent from γ.

Polynomial relations on {ζ(Σl )}l∈LynY\{y1}
Polynomial relations on {ζ(Sl )}l∈LynX\X

3 ζ(Σy2y1
) = 3

2
ζ(Σy3

) ζ(S
x0x

2
1
) = ζ(S

x2
0
x1

)

4 ζ(Σy4
) = 2

5
ζ(Σy2

)2 ζ(S
x3
0
x1

) = 2
5
ζ(Sx0x1 )

2

ζ(Σy3y1
) = 3

10
ζ(Σy2

)2 ζ(S
x2
0
x2
1
) = 1

10
ζ(Sx0x1 )

2

ζ(Σ
y2y

2
1
) = 2

3
ζ(Σy2

)2 ζ(S
x0x

3
1
) = 2

5
ζ(Sx0x1 )

2

5 ζ(Σy3y2
) = 3ζ(Σy3

)ζ(Σy2
) − 5ζ(Σy5

) ζ(S
x3
0
x2
1
) = −ζ(S

x2
0
x1

)ζ(Sx0x1 ) + 2ζ(S
x4
0
x1

)

ζ(Σy4y1
) = −ζ(Σy3

)ζ(Σy2
) + 5

2
ζ(Σy5

) ζ(S
x2
0
x1x0x1

) = − 3
2
ζ(S

x4
0
x1

) + ζ(S
x2
0
x1

)ζ(Sx0x1 )

ζ(Σ
y2
2
y1

) = 3
2
ζ(Σy3

)ζ(Σy2
) − 25

12
ζ(Σy5

) ζ(S
x2
0
x3
1
) = −ζ(S

x2
0
x1

)ζ(Sx0x1 ) + 2ζ(S
x4
0
x1

)

ζ(Σ
y3y

2
1
) = 5

12
ζ(Σy5

) ζ(S
x0x1x0x

2
1
) = 1

2
ζ(S

x4
0
x1

)

ζ(Σ
y2y

3
1
) = 1

4
ζ(Σy3

)ζ(Σy2
) + 5

4
ζ(Σy5

) ζ(S
x0x

4
1
) = ζ(S

x4
0
x1

)

6 ζ(Σy6
) = 8

35
ζ(Σy2

)3 ζ(S
x5
0
x1

) = 8
35

ζ(Sx0x1 )
3

ζ(Σy4y2
) = ζ(Σy3

)2 − 4
21

ζ(Σy2
)3 ζ(S

x4
0
x2
1
) = 6

35
ζ(Sx0x1 )

3 − 1
2
ζ(S

x2
0
x1

)2

ζ(Σy5y1
) = 2

7
ζ(Σy2

)3 − 1
2
ζ(Σy3

)2 ζ(S
x3
0
x1x0x1

) = 4
105

ζ(Sx0x1 )
3

ζ(Σy3y1y2
) = − 17

30
ζ(Σy2

)3 + 9
4
ζ(Σy3

)2 ζ(S
x3
0
x3
1
) = 23

70
ζ(Sx0x1 )

3 − ζ(S
x2
0
x1

)2

ζ(Σy3y2y1
) = 3ζ(Σy3

)2 − 9
10

ζ(Σy2
)3 ζ(S

x2
0
x1x0x

2
1
) = 2

105
ζ(Sx0x1 )

3

ζ(Σ
y4y

2
1
) = 3

10
ζ(Σy2

)3 − 3
4
ζ(Σy3

)2 ζ(S
x2
0
x2
1
x0x1

) = − 89
210

ζ(Sx0x1 )
3 + 3

2
ζ(S

x2
0
x1

)2

ζ(Σ
y2
2
y2
1
) = 11

63
ζ(Σy2

)3 − 1
4
ζ(Σy3

)2 ζ(S
x2
0
x4
1
) = 6

35
ζ(Sx0x1 )

3 − 1
2
ζ(S

x2
0
x1

)2

ζ(Σ
y3y

3
1
) = 1

21
ζ(Σy2

)3 ζ(S
x0x1x0x

3
1
) = 8

21
ζ(Sx0x1 )

3 − ζ(S
x2
0
x1

)2

ζ(Σ
y2y

4
1
) = 17

50
ζ(Σy2

)3 + 3
16

ζ(Σy3
)2 ζ(S

x0x
5
1
) = 8

35
ζ(Sx0x1 )

3



Noetherian rewriting system & irreducible coordinates27

Rewriting among {ζ(Σl )}l∈LynY\{y1}
Rewriting among {ζ(Sl )}l∈LynX\X

3 ζ(Σy2y1
) → 3

2
ζ(Σy3

) ζ(S
x0x

2
1
) → ζ(S

x2
0
x1

)

4 ζ(Σy4
) → 2

5
ζ(Σy2

)2 ζ(S
x3
0
x1

) → 2
5
ζ(Sx0x1 )

2

ζ(Σy3y1
) → 3

10
ζ(Σy2

)2 ζ(S
x2
0
x2
1
) → 1

10
ζ(Sx0x1 )

2

ζ(Σ
y2y

2
1
) → 2

3
ζ(Σy2

)2 ζ(S
x0x

3
1
) → 2

5
ζ(Sx0x1 )

2

5 ζ(Σy3y2
) → 3ζ(Σy3

)ζ(Σy2
) − 5ζ(Σy5

) ζ(S
x3
0
x2
1
) → −ζ(S

x2
0
x1

)ζ(Sx0x1 ) + 2ζ(S
x4
0
x1

)

ζ(Σy4y1
) → −ζ(Σy3

)ζ(Σy2
) + 5

2
ζ(Σy5

) ζ(S
x2
0
x1x0x1

) → − 3
2
ζ(S

x4
0
x1

) + ζ(S
x2
0
x1

)ζ(Sx0x1 )

ζ(Σ
y2
2
y1

) → 3
2
ζ(Σy3

)ζ(Σy2
) − 25

12
ζ(Σy5

) ζ(S
x2
0
x3
1
) → −ζ(S

x2
0
x1

)ζ(Sx0x1 ) + 2ζ(S
x4
0
x1

)

ζ(Σ
y3y

2
1
) → 5

12
ζ(Σy5

) ζ(S
x0x1x0x

2
1
) → 1

2
ζ(S

x4
0
x1

)

ζ(Σ
y2y

3
1
) → 1

4
ζ(Σy3

)ζ(Σy2
) + 5

4
ζ(Σy5

) ζ(S
x0x

4
1
) → ζ(S

x4
0
x1

)

6 ζ(Σy6
) → 8

35
ζ(Σy2

)3 ζ(S
x5
0
x1

) → 8
35

ζ(Sx0x1 )
3

ζ(Σy4y2
) → ζ(Σy3

)2 − 4
21

ζ(Σy2
)3 ζ(S

x4
0
x2
1
) → 6

35
ζ(Sx0x1 )

3 − 1
2
ζ(S

x2
0
x1

)2

ζ(Σy5y1
) → 2

7
ζ(Σy2

)3 − 1
2
ζ(Σy3

)2 ζ(S
x3
0
x1x0x1

) → 4
105

ζ(Sx0x1 )
3

ζ(Σy3y1y2
) → − 17

30
ζ(Σy2

)3 + 9
4
ζ(Σy3

)2 ζ(S
x3
0
x3
1
) → 23

70
ζ(Sx0x1 )

3 − ζ(S
x2
0
x1

)2

ζ(Σy3y2y1
) → 3ζ(Σy3

)2 − 9
10

ζ(Σy2
)3 ζ(S

x2
0
x1x0x

2
1
) → 2

105
ζ(Sx0x1 )

3

ζ(Σ
y4y

2
1
) → 3

10
ζ(Σy2

)3 − 3
4
ζ(Σy3

)2 ζ(S
x2
0
x2
1
x0x1

) → − 89
210

ζ(Sx0x1 )
3 + 3

2
ζ(S

x2
0
x1

)2

ζ(Σ
y2
2
y2
1
) → 11

63
ζ(Σy2

)3 − 1
4
ζ(Σy3

)2 ζ(S
x2
0
x4
1
) → 6

35
ζ(Sx0x1 )

3 − 1
2
ζ(S

x2
0
x1

)2

ζ(Σ
y3y

3
1
) → 1

21
ζ(Σy2

)3 ζ(S
x0x1x0x

3
1
) → 8

21
ζ(Sx0x1 )

3 − ζ(S
x2
0
x1

)2

ζ(Σ
y2y

4
1
) → 17

50
ζ(Σy2

)3 + 3
16

ζ(Σy3
)2 ζ(S

x0x
5
1
) → 8

35
ζ(Sx0x1 )

3

Z≤2
irr (X ) ⊂ · · · Z≤p

irr (X ) ⊂ · · · ⊂ Z∞
irr (X ) = ∪p≥2Z

≤p
irr (X ).

27 The set of irreducible local coordinates forms algebraic generator system for Z.



Homogenous polynomials generating inside ker ζ
{Ql}l∈LynY\{y1}

{Ql}l∈LynX\X

3 ζ(Σy2y1
− 3

2
Σy3

) = 0 ζ(S
x0x

2
1
− S

x2
0
x1

) = 0

4 ζ(Σy4
− 2

5
Σ 2
y2

) = 0 ζ(S
x3
0
x1

− 2
5
S
⊔⊔ 2
x0x1

) = 0

ζ(Σy3y1
− 3

10
Σ 2
y2

) = 0 ζ(S
x2
0
x2
1
− 1

10
S
⊔⊔ 2
x0x1

) = 0

ζ(Σ
y2y

2
1
− 2

3
Σ 2
y2

) = 0 ζ(S
x0x

3
1
− 2

5
S
⊔⊔ 2
x0x1

) = 0

5 ζ(Σy3y2
− 3Σy3

Σy2
− 5Σy5

) = 0 ζ(S
x3
0
x2
1
− S

x2
0
x1

⊔⊔ Sx0x1 + 2S
x4
0
x1

) = 0

ζ(Σy4y1
− Σy3

Σy2
) + 5

2
Σy5

) = 0 ζ(S
x2
0
x1x0x1

− 3
2
S
x4
0
x1

+ S
x2
0
x1

⊔⊔ Sx0x1 ) = 0

ζ(Σ
y2
2
y1

− 3
2
Σy3

Σy2
− 25

12
Σy5

) = 0 ζ(S
x2
0
x3
1
− S

x2
0
x1

⊔⊔ Sx0x1 + 2S
x4
0
x1

) = 0

ζ(Σ
y3y

2
1
− 5

12
Σy5

) = 0 ζ(S
x0x1x0x

2
1
− 1

2
S
x4
0
x1

) = 0

ζ(Σ
y2y

3
1
− 1

4
Σy3

Σy2
) + 5

4
Σy5

) = 0 ζ(S
x0x

4
1
− S

x4
0
x1

) = 0

6 ζ(Σy6
− 8

35
Σ 3
y2

) = 0 ζ(S
x5
0
x1

− 8
35

S
⊔⊔ 3
x0x1

) = 0

ζ(Σy4y2
− Σ 2

y3
− 4

21
Σ 3
y2

) = 0 ζ(S
x4
0
x2
1
− 6

35
S
⊔⊔ 3
x0x1

− 1
2
S
⊔⊔ 2

x2
0
x1

) = 0

ζ(Σy5y1
− 2

7
Σ 3
y2

− 1
2
Σ 2
y3

) = 0 ζ(S
x3
0
x1x0x1

− 4
105

S
⊔⊔ 3
x0x1

) = 0

ζ(Σy3y1y2
− 17

30
Σ 3
y2

+ 9
4
Σ 2
y3

) = 0 ζ(S
x3
0
x3
1
− 23

70
S
⊔⊔ 3
x0x1

− S
⊔⊔ 2

x2
0
x1

) = 0

ζ(Σy3y2y1
− 3Σ 2

y3
− 9

10
Σ 3
y2

) = 0 ζ(S
x2
0
x1x0x

2
1
− 2

105
S
⊔⊔ 3
x0x1

) = 0

ζ(Σ
y4y

2
1
− 3

10
Σ 2
y2

− 3
4
Σ 2
y3

) = 0 ζ(S
x2
0
x2
1
x0x1

− 89
210

S
⊔⊔ 3
x0x1

+ 3
2
S
⊔⊔ 2

x2
0
x1

) = 0

ζ(Σ
y2
2
y2
1
− 11

63
Σ 2
y2

− 1
4
Σ 2
y3

) = 0 ζ(S
x2
0
x4
1
− 6

35
S
⊔⊔ 3
x0x1

− 1
2
S
⊔⊔ 2

x2
0
x1

) = 0

ζ(Σ
y3y

3
1
− 1

21
Σ 3
y2

) = 0 ζ(S
x0x1x0x

3
1
− 8

21
S
⊔⊔ 3
x0x1

− S
⊔⊔ 2

x2
0
x1

) = 0

ζ(Σ
y2y

4
1
− 17

50
Σ 3
y2

+ 3
16

Σ 2
y3

) = 0 ζ(S
x0x

5
1
− 8

35
S
⊔⊔ 3
x0x1

) = 0

One has
{

RY :=(spanQ{Ql}l∈LynY\{y1}
, ,1Y∗ )

RX :=(spanQ{Ql}l∈LynX\X ,⊔⊔ ,1X∗ )

}
⊆ ker ζ.



Noetherian rewriting system & totally ordered L∞
irr(X )

Rewriting among {Σl}l∈LynY\{y1}
Rewriting among {Sl}LynX\X

3 Σy2y1
→ 3

2
Σy3

S
x0x

2
1

→ S
x2
0
x1

4 Σy4
→ 2

5
Σ2
y2

S
x3
0
x1

→ 2
5
S2
x0x1

Σy3y1
→ 3

10
Σ2
y2

S
x2
0
x2
1

→ 1
10

S2
x0x1

Σ
y2y

2
1

→ 2
3
Σ2
y2

S
x0x

3
1

→ 2
5
S2
x0x1

5 Σy3y2
→ 3Σy3

Σy2
− 5Σy5

S
x3
0
x2
1

→ −S
x2
0
x1

Sx0x1 + 2S
x4
0
x1

Σy4y1
→ −Σy3

Σy2
+ 5

2
Σy5

S
x2
0
x1x0x1

→ − 3
2
S
x4
0
x1

+ S
x2
0
x1

Sx0x1

Σ
y2
2
y1

→ 3
2
Σy3

Σy2
− 25

12
Σy5

S
x2
0
x3
1

→ −S
x2
0
x1

Sx0x1 + 2S
x4
0
x1

Σ
y3y

2
1

→ 5
12

Σy5
S
x0x1x0x

2
1

→ 1
2
S
x4
0
x1

Σ
y2y

3
1

→ 1
4
Σy3

Σy2
+ 5

4
Σy5

S
x0x

4
1

→ S
x4
0
x1

6 Σy6
→ 8

35
Σ3
y2

S
x5
0
x1

→ 8
35

S3
x0x1

Σy4y2
→ Σ2

y3
− 4

21
Σ3
y2

S
x4
0
x2
1

→ 6
35

S3
x0x1

− 1
2
S2
x2
0
x1

Σy5y1
→ 2

7
Σ3
y2

− 1
2
Σ2
y3

S
x3
0
x1x0x1

→ 4
105

S3
x0x1

Σy3y1y2
→ − 17

30
Σ3
y2

+ 9
4
Σ2
y3

S
x3
0
x3
1

→ 23
70

S3
x0x1

− S2
x2
0
x1

Σy3y2y1
→ 3Σ2

y3
− 9

10
Σ3
y2

S
x2
0
x1x0x

2
1

→ 2
105

S3
x0x1

Σ
y4y

2
1

→ 3
10

Σ3
y2

− 3
4
Σ2
y3

S
x2
0
x2
1
x0x1

→ − 89
210

S3
x0x1

+ 3
2
S2
x2
0
x1

Σ
y2
2
y2
1

→ 11
63

Σ3
y2

− 1
4
Σ2
y3

S
x2
0
x4
1

→ 6
35

S3
x0x1

− 1
2
S2
x2
0
x1

Σ
y3y

3
1

→ 1
21

Σ3
y2

S
x0x1x0x

3
1

→ 8
21

S3
x0x1

− S2
x2
0
x1

Σ
y2y

4
1

→ 17
50

Σ3
y2

+ 3
16

Σ2
y3

S
x0x

5
1

→ 8
35

S3
x0x1

L≤2
irr (X ) ⊂ · · · L≤p

irr (X ) ⊂ · · · ⊂ L∞
irr (X ) = ∪p≥2L

≤p
irr (X ).

∀l ∈

{
LynY \ {y1}
LynX \ X

}
,

{
Σl ∈ L∞

irr (Y )
Sl ∈ L∞

irr (X )

}
⇔

{
Σl→Σl

Sl→Sl

}
⇔ Ql = 0.



Im and ker of ζ : (Q[{Sl}l∈LynX\X ],⊔⊔ ,1X∗)

(Q[{Σl}l∈LynY\{y1}
], ,1Y∗)

։(Z,×,1)

Proposition
Q[{Sl}l∈LynX\X ] = RX ⊕Q[L∞

irr (X )],
Q[{Σl}l∈LynY\{y1}] = RY ⊕Q[L∞

irr (Y )].

We have seen that RX ⊆ ker ζ. Now, let Q ∈ ker ζ, 〈Q|1X∗〉 = 0. Then
Q = Q1 + Q2 with Q1 ∈ RX and Q2 ∈ Q[L∞

irr (X )]. Thus, Q ≡RX
Q1 ∈ RX .

Corollary
Q[{ζ(p)}p∈L∞

irr
(X )] = Z = Im ζ and RX = ker ζ.

Im ζ ∼= Q1Y ∗ ⊕ (Y − {y1})Q〈Y 〉/ker ζ ∼= Q1X∗ ⊕ x0Q〈X 〉x1/ker ζ.

Corollary

Z = Q1⊕
⊕
k≥2

Zk , where Zk := spanQ{ζ(s1, . . . , sr )|
k∑

i=1

si = k} s1,...,sr∈N≥1
s1>1,r≥1

.

Now, let Q〈X 〉 ∋ P /∈ ker ζ, homogenous in weight and let ξ := ζ(P).
Since ZpZn ⊂ Zp+n then each monomial ξn, n ≥ 1, is of different weight.
Hence, ξ could not satisfy ξn + an−1ξ

n−1 + . . . = 0, with an−1, . . . ∈ Q.
In particular, for any s ∈ L∞

irr (X ), s is homogenous in weight. Then

Corollary
For any s ∈ L∞

irr (X ), ζ(s) is transcendent over Q.



On the Zagier’s dimension conjecture
Z

≤12
irr

(X ) = {ζ(Sx0x1 ), ζ(Sx2
0
x1

), ζ(S
x4
0
x1

), ζ(S
x6
0
x1

), ζ(S
x0x

2
1
x0x

4
1
), ζ(S

x8
0
x1

),

ζ(S
x0x

2
1
x0x

6
1
), ζ(S

x10
0

x1
), ζ(S

x0x
3
1
x0x

7
1
), ζ(S

x0x
2
1
x0x

8
1
), ζ(S

x0x
4
1
x0x

6
1
)}.

L
≤12
irr

(X ) = {Sx0x1 , Sx2
0
x1

, S
x4
0
x1

, S
x6
0
x1

, S
x0x

2
1
x0x

4
1
, S

x8
0
x1

, S
x0x

2
1
x0x

6
1
, S

x10
0

x1
,

S
x0x

3
1
x0x

7
1
, S

x0x
2
1
x0x

8
1
, S

x0x
4
1
x0x

6
1
}.

Z
≤12
irr

(Y ) = {ζ(Σy2
), ζ(Σy3

), ζ(Σy5
), ζ(Σy7

), ζ(Σ
y3y

5
1
), ζ(Σy9

), ζ(Σ
y3y

7
1
),

ζ(Σy11
), ζ(Σ

y2y
9
1
), ζ(Σ

y3y
9
1
), ζ(Σ

y2
2
y8
1
)}.

L
≤12
irr

(Y ) = {Σy2
,Σy3

,Σy5
,Σy7

,Σ
y3y

5
1
,Σy9

,Σ
y3y

7
1
,Σy11

,Σ
y2y

9
1
,Σ

y3y
9
1
,Σ

y2
2
y8
1
}.

Let dk := dimZk . Then d0 = 1, d1 = 0, d2 = 1, dk = dk−2 + dk−3?

Up to weight 12, the Zagier’s dimension conjecture holds meaning that
the elements of Z≤12

irr (X ) are algebraically independent over Q.

1. For any l ∈ LynY\{y1}
LynX\{x0,x1}

, one has l �
yn

x
n−1
0 x1

and
Σyn=yn

S
x
n−1
0

x1
=x

n−1
0 x1

,

2. ζ(2) = ζ(Σy2) = ζ(Sx0x1) is then irreducible and, by ζ(2k)/π2k , it
follows that Σy2k = y2k /∈ L∞

irr (Y ) and S
x
2k−1
0 x1

= x2k−1
0 x1 /∈ L∞

irr (X ),

for k > 1,

3. Σy2n+1
= y2n+1 ∈ L∞

irr (Y ) and Sx2n
0 x1

= x2n0 x1 ∈ L∞
irr (X ), for k > 5?



APPLICATION TO
KNIZHNIK–ZAMOLODCHIKOV EQUATION



KZ3 : simplest non-trivial case of KZn

Let C3
∗ = {(z1, z2, z3) ∈ C3|zi 6= zj , i 6= j} and T3 = {t1,2, t1,3, t2,3}.

dF =
1

2iπ

(
t1,2

d(z1 − z2)

z1 − z2
+ t1,3

d(z1 − z3)

z1 − z3
+ t2,3

d(z2 − z3)

z2 − z3

)
F .

It can be solved, over H(C̃3
∗)〈〈T3〉〉. Drinfel’d proposed a following solution28

F (z1, z2, z3) = (z1 − z2)
(t1,2+t1,3+t2,3)/2iπG

(z3 − z2
z1 − z2

)
,

where G satisfies the following noncommutative differential equation29 on ]0, 1[
(DE ) dG = (Aω0 − Bω1)G (s), with A = t1,2/2iπ,B = t2,3/2iπ.

He also stated that there is a unique solution30 G0 (resp. G1) satisfying
G0(s)∼0e

A log(s) = sA (resp. G1(s)∼1e
−B log(1−s) = (1− s)−B)

and a unique series31 ΦKZ , so-called Drinfel’d series, s.t. G0 = G1ΦKZ .

He also proved that there is a group-like series32, similar to ΦKZ , with
rational coefficients33.

28How to get this solution?
29How to integrate this equation?
30How to determine G0 (resp. G1)?
31How to determine ΦKZ?
32How to determine such series?
33What do these coefficients represent?



Integration of KZ3 by iteration
Let us denote z = (z1, z2, z3) and s = (s1, s2, s3), on C̃3

∗, and let

Ω̃2 = t1,3ω1,3 + t2,3ω2,3, where

{
ω1,3(z) = (2iπ)−1d log(z1 − z3),
ω2,3(z) = (2iπ)−1d log(z2 − z3).

Let us proceed by with V0(z) = et1,2/2iπ log(z1−z2) and iteratively

Vl(z) =
z∫
0

et1,2/2iπ(log(z1−z2)−log(s1−s2))Ω̃2(s)Vl−1(s)

= V0(z)
z∫
0

e−t1,2/2iπ log(s1−s2)Ω̃2(s)Vl−1(s).

Then
∑
l≥0

Vl = V0G , where

G (z) =
∑
m≥0

∑
ti1,j1 ...tim,jm∈{t1,3,t2,3}∗

z∫
0

ωi1,j1(s1)ϕ
(0,s1)(ti1,j1) . . .

sm−1∫
0

ωim,jm(sm)ϕ
(0,sm)(tim,jm)

=
∑
m≥0

∑
ti1,j1 ...tim,jm∈{t1,3,t2,3}∗

z∫
0

ωi1,j1(s1) . . .
sm−1∫
0

ωim,jm(sm)

ϕ(0,s1)(ti1,j1) . . . ϕ
(0,sm)(tim,jm)︸ ︷︷ ︸

=ϕ(0,z)(ti1,j1 ...tim,jm )

.

and ϕ is defined by ϕ(0,z)(ti,3) = ead−t1,2/2iπ log(z1−z2)ti,3, for i = 1 or 2.



Solution of KZ3 using generating series of polylogarithms

dG = (ϕ(t1,3)ω1,3 + ϕ(t2,3)ω2,3)G .
In (P1,2) : z1 − z2 = 1, ϕ ≡ Id and then, putting (z1, z2, z3) = (1, 0, s),

dG = (x1ω1 + x0ω0)G ,

{
x0 = t1,3/2iπ, ω0(s) = d log(s),
x1 = −t2,3/2iπ, ω1(s) = −d log(1− s).

L is the solution dG = (x1ω1 + x0ω0)G satisfying asymptotic conditions:
L(s) ∼0 e

x0 log z and L(s) ∼1 e
−x1 log(1−z)Z⊔⊔ ,

⇐⇒ lim
z→0

L(s)e−x0 log z = 1 and lim
z→1

ex1 log(1−z)L(s) = Z⊔⊔ ,

and then ΦKZ ≡ Z⊔⊔ .

Let g be the hom. trans. s 7−→ (s − z2)/(z1 − z2) mapping {z2, z1} to {0, 1}.
L(g(s)) = L((s − z2)/(z1 − z2)) is a particular solution of KZ3 in (P1,2).
So does34 L((s − z2)/(z1 − z2))(z1 − z2)

(t1,2+t1,3+t2,3)/2iπ.

Since [t1,2 + t2,3 + t1,3, t] = 0 then (z1 − z2)
(t1,2+t2,3+t1,3)/2iπ commutes

with t and then with H(C̃3
∗)〈〈T3〉〉, for t ∈ T3. Hence, KZ3 also admits

(z1 − z2)
(t1,2+t1,3+t2,3)/2iπL((s − z2)/(z1 − z2)) as a particular solution in (P1,2).

34(z1 − z2)
(t1,2+t2,3+t1,3)/2iπ = e((t1,2+t2,3+t1,3)/2iπ) log(z1−z2), being independent

on z3 = s and then belonging to the differential Galois group of KZ3.



Candidates for Drinfel’d series with rational coefficients

Let π̌Y be the morphism of algebras, defined over an algebraic basis, by
∀l ∈ LynX − {x0}, π̌Y (Sl ) = πY (Sl ) and π̌Y (x0) = x0

(such that LiRπ̌Y (x0)
(z) = log(z) and then ζ⊔⊔ (Rπ̌Y (x0)) = 0).

Υ :=
∑

w∈Y ∗

Hπ̌Y (Rw )w and Λ :=
∑

w∈X∗

LiRπ̌Y (w)
w ,

Q〈〈Y 〉〉 ∋ Z−
γ :=

∑
w∈Y ∗

γπ̌Y (Rw )w and Z−
⊔⊔

:=
∑

w∈X∗

ζ⊔⊔ (Rπ̌Y (w))w ∈ Z〈〈X 〉〉.

Theorem
All constant terms of Υ,Λ,Z−

γ ,Z−
⊔⊔

equal 1 and

∆ (Υ) = Υ⊗Υ and ∆⊔⊔ (Λ) = Λ⊗ Λ,
∆ (Z−

γ ) = Z−
γ ⊗ Z−

γ and ∆⊔⊔ (Z
−
⊔⊔
) = Z−

⊔⊔
⊗ Z−

⊔⊔
.

Υ =
ց∏

l∈LynY

e
Hπ̌Y (RΣl

)Πl and Λ =
ց∏

l∈LynX

e
LiRπ̌Y (Sl )

Pl ∼0 e
x0 log z ,

Z−
γ =

ց∏
l∈LynY

e
γπ̌Y (RΣl

)Πl and Z−
⊔⊔

=
ց∏

l∈LynX

eζ⊔⊔ (Rπ̌Y (Sl )
)Pl .

Moreover, for any g ∈ G, there exists a morphism of linear substitution,
σg , and a Lie series C ∈ LieC〈〈X 〉〉, such that Λ(g) = σg (Λ)e

C .



THANK YOU FOR YOUR ATTENTION


