About computer regularizations
of divergent polyzetas®

V.C. Buil, V. Hoang Ngoc Minh?# Q.H. Ngo3, V. Nguyen Dinh*.
Hue University of Sciences, 77 - Nguyen Hue street - Hue city, Vietnam.
2Université Lille, 1 Place Déliot, 59024 Lille, France.
3University of Hai Phong, 171, Phan Dang Luu, Kien An, Hai Phong, Viet Nam.
4LIPN-UMR 7030 CNRS, 99 av. Jean-Baptiste Clément, 93430 Villetaneuse, France.

Séminaire Equations différentielles motiviques et au-dela
13 Octobre 2023, Paris, France

LarXiv:2209.09849



Outline
1. Introduction (starting with a theorem by Abel and with the

Euler-Maclaurin summation formula)
2. Algebraic combinatorics on noncommutative power series
2.1 Factorizations of | -group-like series
2.2 Representative series and Sweedler's dual
2.3 Kleene stars of the plane

: Li, Cuu (C24 (XD un,1x%)
3. Morphisms . and of (Crat (Y'Y, u;l,l)i/*)

3.1 lterated integrals and representative series

3.2 Isomorphisms 1;11. Polymorphism ¢ : C<X>’i711x:*))

3.3 Extensions of If{l' and CW'JU over representative series
. L]

— R

4. Application to Zagier's dimension conjecture
4.1 Abel-like results obtained by Hopf-like techniques
4.2 Algorithm LocaleCordinateldentification
4.3 Kernel of the polymorphism ¢
5. Application to Knizhnik—Zamolodchikov equation
5.1 KZz : simplest non-trivial case
5.2 Solution of KZ3 using generating series of polylogarithms
5.3 Candidates for Drinfel'd series with rational coefficients



INTRODUCTION



Starting with Abel's theorem and E-M summation formula

For s € C,|z|< 1, the following functions are well defined?
Lis(z) := fTs and (lflz) Lis(z) = > Ho(n)z".
n>0 n>0
) = —log(1 — z) and then

~—Liy(z) = i log 1£z = z>:o Hy(n)z".

For R(s) > 1, applying a theorem by Abel, one has
I (2 = fim Moo = 2 < oo
This common limit is denoted usually by ((s), the Riemann ¢ function.

N

In particular, Li;(

[~

[

For any r € N, by the Euler-Maclaurin summation formula, one has?

k—1
By (
aon = 0 8 B0
j=r—
k—1 B 1 1
r=1, Hi(n) = logn+vy— 3 75 +0(:x)
=1

This means that, using the comparison scale {n® Iogb(n)}aezgflybeN,
v oif k=1,
Yk = f..HkI’l: .
el R P
Mg N—Q n—Hy(n)=1+2""+...+n"
3B; is the jth Bernoulli number and 7 is the Euler-Mascheroni constant.




From ( function in several variables to monoids

For (s1,...,s;) € C',|z|< 1, the following functions are well defined*
Lis,,..s(2) == > % and  Dex() > Hy. s (n)z".

. 1—z
m>. . >n>0 (1=2) n>0

Over H, ={(s1,...,s) € C'\Vm=1,...,r,R(s1) + ... + R(sm) > m},

— — —S1 —Sr
Iin1 Lis, .5 (2) = nllToo Hy,. . s(n)= . z>:n,>0 nyt...ong S < 4oo.
This common limit can be denoted by (s, ..., s) or by ((si, ..., Sr).

Z = spang{Lis, . ysr(l)}sl,.;s,em = spang{Hy, . 75,(—1—00)}51 ..... seny

1>1,r>0

(51,.--55) ENL &y ooy cy =X sl_lxl...xg’ x1 € X*xq,

Ty
where X = {xg,x1} (resp. Y = {yx}«>1) generating the free monoid
(X*v 1X*) (resp' (Y*, ]-Y*))

Let LynX (resp. LynY') be the ordered set of Lyndon words over X
(resp. Y') with x; = xo (resp. y1 > y» = ---). Then (Perrin's lemma)
l€ LynY < wxl e LynX\ {x0}.

In all the sequel, let X denote X or Y.




ALBEBRAIC COMBINATORICS ON
NONCOMMUTATIVE POWER SERIES



MRS factorization of w-group-like series in C{{X’))

(C(X), conc)® and (C{(X)), conc) (resp. Liec(X) and Liec((X))): algebras
(resp. Lie algebras) of polynomials and of series over X’ with coeff. in C.

Let® S be a w-group-like series” in C{(X')). Then®
N
S= S (Sww= S (S|S,)P, = T[] eSINA,

wex* wex* leLynX
where gl’}}:l’ef:y"i is basis of° £ze§><“‘uj) over which is constructed the pair
€Lyn El

of dual bases gw%w:i* which are defined, for w = /' ... [}k

(hy...., Ik € LynX and h > ... > Ik) as follows
PWZF’,'1 P'k and Sw S Iluu...uuslw .
1 il ' Th K
(P|Sk) = 01k (for I,k € LynX) and (P,|S,) = d,., (for u,v € X*).
®Aconc is defined by Aconc(w) = S ou®v.
u,veEX* uv=w

6., is defined, for any x,y € X and w,v € X*, by ww 1y+ =1y w w = w and
xww yv = x(ww yv) + y(xww v). Or equivalently, A, (x) =1y @ x + x @ Lx=.

Tie. AL (S)=S®S and (S|lx+) =1

81(S|S) }iccynx are called locale coordinates (of second kind) of S on the
group of w-group-like series.

°P ¢ Lieg(X) <= AL (P)=1x- @ P+ P @1y,

MRS is an contraction of Mélancon, Reutenauer and Schiitzenberger.




Computing examples of {Pihiecynr i (Q(X), conc, 1y-,A)

{Si}iecynx
The polynomials EZZ%:EEyi are homogenous in weight!!.
yn
7 P, S,
X0 X0 X0
x1 x1 x1
XoX1 [x0, x1] XpX1
x%x [x0, [x0, x1]] X%
X0} [[x0, xa], x1] X7
x3x1 [x0, [x0, [x0, x1]]] X§X1
5% [x0- [Ix0, 1], x1]] 5%
X0x] [[lxo0, xa], x1], x1] X0Xj
xgx1 [x0, [x0, [x0, [x0, x1]]]] xgx
oxd [0, [0, [[x0, 1, xall] 5%
xgxyx0x [[x0, [x0, x1]l, [x0, x1]] 23x¢ + qXx0x1
3 [x0, [[[x0, xal, x1], xll 35
Xox1X0X2 [[xo0, x]s [[x0, x1], xa]] 3353 + xgx1xoxd
X0t [lllx0, x1], x1], xa], x1] X%t
xgx1 [x0 [x0, [x05 [x0, [x0, x1]11]] xgx1
xgx? [x0, [x0, [x0, [[x0, xa], x1]1]1 xgx?
x@xixox | [x0, [[x0, [x0, xalls [xos xa]l] 244 + XQX1%0%
3¢ | o, Do, ko, xal, xa, xalll 3
><§X1><0><12 [x0, [[x0, x1], [[x0, x1], x1]]] 3><3X§ + x5 x1%0%¢
Xy xfxgxl [0, [[x0, x1], x1]], [x0, x1]] GXS’XIB + 3x5 Xlgoflz + x5 xlzxoxl
X)X [x0, [[[[x0, x1], x1], xal, x1]] xgX1
><0><1><%><13 [[x0, x1], [[[x0, x1], x1], xa]] 43xt + xox1x0%5
xX0x] [lllix0, xa], x1], xa], xa], xa] x0x]

"The weight of w € X* is the length of w, i.e. |w].
For any | € LynX, the weight of P, equals the weight of S; and equals |/].



MRS factorization of w -group-like series in C{(Y’))

Let'? S be a wi-group-like series!3 in C{{Y)). Then*
N
S= Y (Sww= S (S| )N, = J[ eS=m,

weyY* weyY* leLynY

where ggig:’y’ is basis of'® I(D(Sg,féy)), over which is constructed the
pair of dual bases gﬁ:g* which are defined, for w = l{l .. /,’f
(hy...,lk € LynY and Iy > ... > ), as follows '

My =N} .. .Mfand T, = 22 7w wy 2

(M|Zk) = 01k (for I,k € LynY) and (MN,|X,) = 0, (for u,v € Y*).

12141 is defined, for any yi,y; € Yand w,v € Y*, by wis 1y« = 1y« luw = w

and yiuw yjv = yi(uw y;v) + yi(yiv w v) + yinj(u i v). Or equivalently,
A (yi)=1y-Qyi+yi ® ly~.

Bie Aw(S)=S®S and (S[1y-) = 1.

4 1(S|Z) }ieryny are called locale coordinates (of second kind) of S on the
group of ti-group-like series.

PPePrimu(Y) <= Aw(P)=1y+ QP+ P®1ly-.



Computing examples of {Midiecmy iy (Q(Y), conc, 1y, AL)

{Zihiecyny
The polynomials {Miiecymy are homogenous in weight?®.
{Zi}iecyny

7 m; Y,

y2 y2 — 2yt ¥2

3 ¥3 = %hy - %yzh + %yf ¥3
yayi vy = 1y 1ys+yon

va s = §y1y - §yz - §y3y1 ya

+3y1y2 + 3y1y2y1 + 3y2y1 - zy1
¥3y1 y3y1 — j}/2y1 —y1y3 + 2y1y2 %}’4 + y3y1
Voy3 voyf = 2y1yzy1 + y3 y2 Lya+ Jyayi + 1v2 + yod
¥5 ¥5s — 5y1y4 - 5y2y3 - 2Y3,V2 - 5y4y1 + vy ¥s
+inyvd+ 3y1y3y1 + 3yzy1yz + y2y1 + 3y3y1 - Lydy
—1y1y2y1 - *y1y2y1 y2y1 y1 + 5}/1}/1
yayr | yayr — 5Y2y1 2}’3}’1 + 3}’2}’1 - y1y4 + 2)’1)’3 + 2y1,V2 - %yfyz Lys + yay1
¥3y2 y3y2 — 2y3y1 - Z,Vl,VQ + 4,V1y2y1 - 112 Y2yi 5Y5 T y3y2
+12y13y2 — yoys + 2y2y1 + 2y1y3 - %ylyzyl
y3y12 y3y1 - §y2y1 - 2y1y3y1 + 2}/1 yoy1 + y1yzy1 + y1 ¥3 = 2y1 2 Lys + Lyays + Jyayo + y3y12
32341 YAy — 2yay1y2 — SvEivens + .V1.V2 + 3y2y7 + yiys — §,V1y2y1 e¥s T ayay1 + 5y2y3 + .V2y1
vy Y2¥i = 3y1y2vi + 3yRvayt — vive 14y5 + 6y4y1 + 4y3y2 + 2y3y1
+ivoys+ 3v3v1 + Lyoviye + yoys

The weight of w = ys, ...ys € Y™ is the number (w) = s + ...+ 5.
For any | € LynY, the weight of I, equals the weight of X, and equals (/).



Representative series and Sweedler's dual

Crat (X)) is the smallest algebra containing C(X'), closed by!” {+, conc, x}.
It is also closed by w and, in addition, C™*((Y)) is also closed by w.

Proposition
The following assertions are equivalent

1. S eCmat(xy.

2. Thereis a lin. rep., (v,u,n) of rank n, of S with v € M; ,(C),
n € M, 1(C) and a morphism of monoids y : X* — M, ,(C) s.t.

N N
S= 1/( I es”‘(P’))n <and also §S= 1/( 11 e):/”(”’)>n).
leLynX leLynY
3. The shifts®® {S aw}wex= (resp. {w S}yex+) lie within a finitely

generated shift-invariant C-module.

2 CTRT(A) xCTt (X
4. El{Gia Di}iel finite 1N Cratiiyiiicratégy;; s.t. Aconc:(s) - ZIEI G,' X D,'.

Ho (X)2(C™ (XN, w0, L Aconc),
Hence, Hpy (Y)=(Crat (Y), L, 1y« ,Aconc)-
"The Kleene star of S, (S|1x-) =0, is the sum S* =3 _ S".
18] eft (resp. right) shift of S by P € C(X) is defined, for any w € X", by
(P> Slw) = (S|wP) (resp. (S < P|w) = (S|Pw)).




Linear representations of rational series

Proposition

The module C™* (X)) (resp. C™*((Y))) is closed by w (resp. w1 ).
Moreover, for any i = 1,2, let R; € C™*((X)) and (v;, pi, n;) be its
representation of dimension n;. Then the linear representation of

0 (0 9] )
wenon « (0 {7 AN
(i

that of RiR, is <” Mmv2p2(x )> } <771M2772) )
H2 X) XEX ’ 2 ’

that of Riw Ry is (11 ® 1, {u (x) @ L, +1n, ® pa(x) bxex, m @ m2),
that of Ry Ry is (11 @ va, {m()/k) ®1In, + In, @ pa(yk)
)

+ Z pa(yi) @ pa(yj) be>1,m @ n2)-
i+j=k



Kleene stars of the plane )
(2 axx) uu(Z/5X) (2 (ax+Bx)",
xXeX XEX .
( Z as)/s) ( Z bs)/s) - ( gl(as + bs )YS + Z asbr)/s+r) ’
where {ax}xex, {ﬂx}xex {as}s>1,{bs}s>1 are complex numbers Then

1. Let ys,y, € Y,as,a, € C. Then
—asys)* i (asys)” (*35)’25)*7
(asys)»< e (ar}/r)* = (as)/s + aryr + asar}/s+r)*'

2. ¥neN,ceCxe X, ((cx)" w(l+ ex)"|(ex)k) = ("1¥), k e N.

3. Letxe X, yx € Yand c € C,n € N>;. Then
((ex) )™= (nex)*, ((ex)*)" = (ex)* w(l +ex)" Y,

(i)) =7 = (o(n— i+ L)eyu)” = £ (0= i+ Dey)”

i=1

4. Let myny,...,ng €N, cy,...,ck € Cand xq,...,xm € X.Then
m
i ((C,'X,')*)n"+1 =0 (C,'X,')* uu(l —+ C,'X,')"" = (Z C,'X,') w o (1 + C,'X,')"",
i= i= i=1 i=1

VkEN, (B (@) ) E a)™ ) = ().



Linear representation of (—t2xpxy)* w(t2xox1)*

(Pxox)* < (v1,{pa(x0), pa(x1)},m),
(—t2x0x1)* < (v2, {p2(x0), pa(x1)}, m2),

1 0 t 0
vy = (1 0) y T = 0/’ ;Ufl(XO) = <0 0/’ :u’l(Xl) = t 0/
1 0 it 0 O
V) = (1 O) , M = o)’ /~//2(X0) = (0 0/’ /’LZ(Xl) = it O) :

(v, {p(x0), p(xa)}sn) = (11 @ va, {1 (x0) @ 1o + T @ pia(x0),

p1(x1) @ I + 1o @ pa(x1) b, m @ n2),
v=(1 0 0 0),

0 0 t O 0 it 0 O 0 it t O
1(x0) = 0 0 0 ¢t n 0 00 O0f_|f0 0 0t
0 0 0O 0 0 0 it 0 0 0 it]”’
0 0 0O 0 0 0 O 0 0 0 O
0 0 0O 0 0 0 O 0 0 0 O 1
() = 0 00O n it 0 0 Of_fit 0 0 O = 0
t 0 0O 0 0 0 O t 00 O}’ 0
0 t 0O 0 0 it O 0 ¢t it O 0



|dentities .
(—ty2)

X, it

X1, it

(—y2)* > (v2, p2(y2), m2)

=(1,—t%,1),

( XOX )* uu(t2X0X1)*

|
/\
.b
("-
ES
3
R
v

(t2y2)* — (—t4y4)*

X1, it X1, t

X0, t xp, it

2 t2 ya, —t*

start —> start —>
(y2)* © (v, pa(2),m)  (—thy)* < (v s 1la)s )
=(1,£,1), =1, —t%1).



Subalgebra of C™'((X))

Proposition

1. The algebras (C[{x*}xex], w,1x+) and (C(X),w, 1y+) are
C-algebraically disjoint and {x*,1} xcx generates freely

(CHX el (V) s 1) = (CHX heenl[Lynd], w, o)

(Cl0x 1) g o),
2. Let p: (CH{Xx*}xex]{X),w,1y-) = (C, x,1) be a w-morphism.
Let K := C[{o(x")}xex] and F := C{e(/) biesynx]-
Then the following assertions are equivalent

1R

2.1 The morphism ¢ is injective.

2.2 The algebras K and F, satisfying KN F = C.1, are generated
by the transcendent bases {p(x*)}xex and {o(I)}iecyny,
respectively, over C.

If 1, or 2, holds then F and K are C-algebraically disjoint and
{o(x*), ()} xex generates freely

nX

() el o) biecymn] = Cllp(e). (D)} wex .



Ll. Cuu (Crat >> 71 *)
MORPHISMS 3+ AND ¢ OF (S (%) 1x)



Iterated integrals and representative series

(H(2),1q) : the ring of hol. funct. on the simply connected dom. Q of C.

The iterated integral, over {w;};>1 and along zy ~» z on €, is defined by
z Zk—1

aZ (ly-) =1g, and aZ(x;...x;,)= Jwi(z)... [ wi(z),

2y 2y
satisfying o (ww v) = of (w)aZ (v) (w,v € X", Chen's lemma). Hence,

Vx € X,k > 0,02 (xF) = (0% (x))/k! and then aZ (x*) = e"o0).
Example (with wo(z) = z “ldz and wyi(z) = (1 — z)"'dz)

of() = Jwola). -lfwo(Zk 1) = el
z Zk—1 K((1—z)~1

00) = [er(@).. [ el 1)=Lil...1<z)=—'°g ‘%) ),
z S z S

Blox) = [E[E=[%[dy th= =Y & =Li(2)
0 0 0 0 k>0 k>10 k>1

A3 X )

Lis, . s (2) = Lixgl_lxlmxgkqxl(z).

Example (with wo(z) = z7'dz and wi(z) = (1 — z) " *dz)
af(g) =2z of((-x)) =271 af(q)=(1-2)""
Li:(z) =z, Li)(2)=2z"" Li:(z)=01-2)""



Isomorphism of algebras of polynomials Li,

1. The following morphism of algebras is injective
Li, : (C<X>,uu7lx*) — (C{LiW}WEX*v'vl)a
xo +— log(z)

o — Liao
0

5171 _ :
Xg X1..--X s —1 —Llsl,...,s,-

X1...X0 X1
{Liw }wex~ is C-lin. indpt and then {Lis, }/ccynx is C-alg. indpt.
One defines then
A ) Ay )
L= Li,w= ] e¥s? and® Zz, 6 = T[] e"sWP,
weX* leLynX leLynX\X

L(z) ~o e°'98(2) and 1,(z) ~; e *18(1=2) 7~ and L satisfies?

dS = (woxo +wix)S st. Y aZ (w)w=: C,...

weEX*

2. The following morphism of algebras is injective
P. . ((C<Y>, H:J,ly*) — ((C{PW}WEY* @ 1)
W Py(z) = Y — S (n)2
n>0
{Pw}wey~ is C-lin. indpt and then {Ps,}/ccyny is C-alg. indpt.

¥yl e LynX \ X, S is polynomial on A € LynX \ X C xoX*x1.
21,(z) = Cy--zL 7 (20) and, for zp — 0, 1.(z) normalizes C,,-. and L(z) is
a counter term.



Isomorphism of algebras of polynomials H,

1. The following morphism of algebras is injective®!
H, : ((C<Y>7 uﬂaly*) — (C{HW}WGY*7-a1)7
Yo oonYs, = Hysl...ys, = Hsl,...,s,-
{Hy }wey~ is C-lin. indpt and then {Hs, },czyny is C-alg. indpt.
One defines then
¢ ¢
H:= Z HWW = H eHZ/(")n/ and Z., = H eHz/(Jrao)l'I,

wey IeLynY leLynY\{y1}
k

Let Const := exp ( -y H, (_f)

). Then H(n) ~4 Const(n)myZ,,.
k>0

2. Vsi,...,s, € N,Jaj,m € Z,k;, 8 €N, € Z and b; € 2/ s.t.2
—+o0
Lish...,sr(z) Nl Z CJ(]' - Z)aj Iogﬂj(l - 2)7
z—

=0

27

H517___75r(n) N—>N+oo .2% b;n"i Iogfﬁ,(n)7
i=

where Z" denotes the QQ-algebra generated by Z and by ~.

HForany w € Y*,H, : N = Z.
2These coefficients of asymptotic expansion depend on comparison scale.



w -character 7,
Ywe Y* ~,:= fp. Hy(n), {n? Iogb(n)}aezﬁ_l,beN.

n—-4o0
7o realizes a wi-character: v, = v and VI € LynY \ {y1},v = H/(+00).
One defines then

~
Z, = Z TwW = H e =emZz,,.

weY* leLynY
In particular, (Z,|X,,) =~ and (Z,|¥;) =5, = ((X)), for I € LynY \ {1 }.

Example (convergent cases)

Liri(z) = ¢(3)+(1—2z)log(l—2)—1—1(1-2z)log’(1- 2)
+ (1—2)2(—%Iog2(1—z)—|—1|og(1—z))+...,
Ho1(n) = ¢(3) — %(log(n) + 14 7) + 5 log(n) + ...

Example (divergent cases)

Lija(z) = 2-2((3)+¢(2)log X +2(1 — z)log 1=
+ (1-2)log? =+ 3(1- z)z(logz(l —z)—log(l—=2))+...,
Hio(n) = ¢(2)7 —2¢(3) +¢(2)log(n) + 2 (¢(2) +2) +....

Since ((2)y = .94948171111498152454556410223170493364000594947366 . . .
then f.p. Lij »(z) =2 —2¢(3) # f.p. Hi2(n) = {(2)y —2¢(3).
n——+4o0

z—1



Polymorphism of algebras of polynomials ¢

The following polymorphism of algebras is surjective

. (QDxQ(X) x1, s ,1x+)
CFEe@MMIn Y)W (2,%,1),
0 g — > [ N
Yor oo Yor n>...>n>0 ! '

Similar to v,, the polymorphism ( is extended as the following characters
Cuu :(Q<X>3U“71X*) — (Z,X,l),
Ctﬂ (Q<Y>7 ttJ»]-Y*) — (Z,X,l),
st.2 (,(S,,) = log(1) = 0 and, for any LynX \ {x} or | € LynY,
Cuu (S/) = <Zuu |S/> = f p Lls/( ) {(1 - Z)a |Ogb(1 - z)}EGnghbGNa
Cu (X)) = (Zw X)) = fp Hy, (n), {n®HP(n)}acz__, ben-

In particular, one obtains snmultaneously Cu(x1)=Cw(yn) =0.

C(—s1,...,—5) ¢ > ni...n¥, where (s,...,s) €N
n>...>n>0
sitoo s+
Digs@ = 5 pll-2)* eZi(1-2)7]
51[(—;(.).+5r+r B
== el e

BRecall that Sy, =x0, S =x1, X, =y .



(CX)w w C™{(x),u,1x+)

Extensions of II“{I over xEX
. C{Y)w w Crat((y), wi,lys)
i

1. By the identities (x *) " = (nx)*, (ax)*" = (ax)* w(1 — ax)"" ! and
since af((axp)*) = z7,a4((bx1)*) = (1 — z) =" then
(neN,x e X,a,beC)

Li gy m o gy +(2)

Li(axo)*n(Z) = Z Z (n 1) (alogz) 7
n—1

— alo z))*
Li(axl)*"(z) = (1 _Z)_a Z (nkl)w
k>1

In particular, Li(,)uw(z) = z" and Loy W(2)=(1-2)"k

z"(1 - z)7k,

Hence,
Li:(z) =z, Liv(z)=(1—2)"", Liggix)(2)=2(01-2)""1
2. By Newton-Girard identity, for any yx € Y and t € C,|t|< 1, one has

H H,, thn = H,, O
(thyk)* = Z exp 2;1 Ykn n .




C{Liw}weX*

Proposition

C:=Clz,z71,(1-2)7Y, Co:=Clz,z7], C1:=Clz,(1-2)7Y],

C'=Clz7Y(1-2)71, C:=Clz71, Cp=C[(1-2)"1Y.
Let us consider the following morphisms of algebras

0 (ClxE, (—x0)* x5 ], w, 1x-)  —  (C,x,1q), R+ Lig,

(p/i (C[XS,X{],M,IX*) — (C/,X,].Q), RD—)LiR,

i (C[x], w, 1x+) — (Cl,x,1q), Rw Lig,i=0,1.
Let G be the group generated by {z — 1 —z,z+ 1/z}. Then

1. ¢ is surjective. The shuffle-ideal ker ¢ = spanc{xj w x;" — x;" + 1}.
2. ¢, 00,y are bijective.
3. Forany G € C and g € G, one has G(g) € C. Moreover, if

G(2) = p1(2) + p2(z7Y) + ps((1 — 2)~1) € C, with py, p2, ps € Clz]

s.t. p2(0) = p3(0) =0 and py, ps # 0, then
G(2) ~0 Gol2) = pa(z 1) and G(z) ~1 G(2) = ps((1 — 2) ).
4. C{Liy twex = C ®c C{Liy fwex= which is closed by {6, 01, 0,1},
where 6y = z0, and 6, = (1 — 2)0, and Oyio = 0111 = Id.
Moreover, £(g(z)) € C{Liy, }wex=, for { € C{Liy }wex+ and g € G.



(CX)w w C™{(x),u,1x+)

Extensions of & over xeX
e (C(Y) w1 Crat((y)), i, 1yx)
i%l/fi‘z/e

Proposition (wo(z) = z71dz and wi(z) = (1 — z)"1dz)
Foranyys ...ys € (YU{w})* associated to (s1,...,s,) € N', let
Ry ..y € (Z[x{], w,1x+) be defined by

((ksl:”::')_) r =l
S1 1t TKr—1 ZS_E k:
R = 35 3 ) (B B Yo
1= r= "

ki )
po=xi —1lx= and pi=x7w ) So(ki, )04 —1x=)*,
j=1
where the Sy(k;,j)'s are Stirling numbers of second kind. Then

O‘S(Rysl~~-ys,) = LiRyslmyS, (z)=Li 5 . —5(2), H.y(r

Yy -+ Yy ) —

%u.u are extended, for any t € C s.t. |t|< 1, as follows
Cu((t0)*) =Cu((Ba)*)=1 and Yty = F;kl(l +t),
ep (16— X (L), i k=1,

n>2

exp(—ZC(kn)#), if k> 2.

n>1

where?* [, (1+1t):=

2n particular, Iy, is the eulerian Gamma function, I



Computational examples

Example
Li_1,-1(2)

Li_p —1(2)

Li_1,—2(2)

Example
G (1, -1)
G (=2, -1)
Cuu (_11 _2)

Example
H_1,-1(n)

H_> _1(n)

H_1,-2(n)

—Li, x (2) + 5 Lo )* *(z)—7 Li(3x)* *(z)+3 Li(4xg)* *(2)

(172) Y431 -2 431 -2 —(1—2)"*%,
Lixf‘ (z) — 11 L1(2X ) (z) +31 L1<3X )* (z) —33 L1(4X )* (z) +12 L1(5X1)* (z)

-2t =91 —2)"2+171 —2) "3 =231 — 2) % — 14(1 — 2) 5,
Lixl* (z) — 9Li.) *(z) +23 L3y ) *(z) — 23 L (g ) (z)+8 Li(5xq )* (2)
1—2)"1 =71 —2)"2+91 —2)"3 - 131 — 2) =% —18(1 — 2) 7.
0,
—1,
0.
—Hy (n) + 5H(gyyyx (n) = THezy )« (n) + 3H gy, )= ()

n(n —1)(3n+2)(n+ 1)/24
H,x (n) — 11H(2y1)* (n) + 31H(3,, )« (n) — 33H gy, )= (n) + 12H (g, )+ (n)

n(n? — 1)(10n% + 15n + 2)/120,
Hyx () = 9H 3y, ) (n) + 23H(3y1)* (n) — 23H,

n(lOn +12n* — 10n® — 35n° + 5n + 3)/180.

ayyy* (n) + 8H(g ) (m)

—r=12) +5r=1(3) — 7r—1(4) + 3ar—1(s) = 11,
r=12) — 1ar—1(3) + 31r—1(4) — 33r—1(5) + 12r —(6) = 120,
r=1@) —or=1(3) +23r—*(4) — 23r ~1(5) + sr ~1(6) = — %.



Example using identity (ty1)* w (—ty1)* = (—t2y0)*
Since Y(—e2y,)- =T, (1 +1it), ) = ra+ t) V) =M1+ 1)
then V(=t2y)* = V(ty)* V(—ty)*s I-€ F;Zl(l — t) = F (1 + t)F (1 - f)
By the definitions of I'y,, ', and the Euler’s complement formula one gets

2k sin(tm im)2k
op (— X (K ) = Snlim = Z G-
k>2

w2k . _1)/-1 /
Hence, — X €K% = S (uim* X2 5= 5 T ranray-

k>1 >1 [URR '7/21k i=1
np .. n=
One can deduce then the following expression for ¢(2k):

k+l

e kz“ > ,Hrwe@

npyeeom>1 j=1

n+...+n=k
Example
= 4 E
<) _ (P 22y
o { O OO %°
<(©) = 3 Z (=1 + Z H 1 — 1
p = ] o L (20 12) 945
ny+...+n=3
SO E Vi 1 -
" = ! nyy o>t i1 3T 94507
n1+...+n/:4
5 541 1
o) _ 53 (21 5 -
=10 = o> =L (2" +2) 93555



Example using identities (= ty)" u:(f%) = (~t'y)"

(—t2x0x1)" w(t?xox1)* = (—4t*xgx7)"
In the previous example, since v(_gy,)« = (((—t 2y5)*) then
ktimes
/_/H i ™ ™
T CET Dk = = 3 e

Then, identifying the coefficients of 2%, one obtalns

ktimes

e L= (2kl+1)! €Q.
Since V(—ttys)* = I'y:l(l - t)vﬁ/(—tzyz)* = F;zl(l — t), I(tzyz)* = F 1(1 + f)
then V(=tays)* = V(t2ya)* V(—t2yn)* ie. I';41(1 — l') I' (1 + t)I' (1 — t)
By the definitions of I',,,I,,, one gets (see also prewous example)
4k sin(it7) sin(tm —4tr)*k
oxp (T C(an)T) = S = 5 SR
k>1
V(—thyg)r = C((—t4y4) )s V(=) = C((=12¥2)), Y(e2y)- = C((y2)"). Then
C(=thya)) = C(=t22))((Py2)") = C((—t2x0x) )¢ ((tx0x1)"))
= C((—tPx0x)* w(t?x0x1)") = C((—4t*5x7)").

Expanding the Kleene stars and identifying the coefficients of t*¥, one gets

ktimes ktimes

——— ——
¢3,1,....3, ) _¢é4,....4hH cQ
ok = T 4k T @kt :




APPLICATION TO
ZAGIER'S DIMENSION CONJECTURE



Abel-like results obtained by Hopf-like techniques

Theorem (Abel-like theorem and bridge equations)
Iim1 e11°e(1= 7 () = lim Const(n) 'H(n) = myZ,, .
zZ—r n—oo

Hence, Z, = B(y1)nyZ,,, or equivalently by cancellation, Z ., = B/(yl)wYZuu,
_ k
where B(y1) = exp (171 = 3 C(k)S2E) and B'() = exp (35 () ).
k>2

Identifying the coefficients of y{w in Z, = B(y1)mwyZ,,, one obtalns 25

1)k S2 Sk
Tk = 2 sE!..l.lk!(*V)sl(* @) (* @) )
S1yeens s, >0
S1+. .. tks=k
Ko=) mxw)) (5
e = 3 el (5240, -0(2),2¢3).... ).
= Jj=
where the by «(t1,. .., t)'s are Bell polynomials, k € N} and w € Y*Y.
Example (Generalized Euler's gamma constant)
Y11 = %(72 - C(z))v
Y111 = (’Y —3¢(2)y + 2((?4))
M7 = (7)/ ( )¢(5) 175 (2)4a

Mie = %4(2) +(C( )C(5) + £C(3)¢(2)% — 4¢(7)) + ¢(6,2)
+ 3¢(2)* + 3¢(2)¢(3)* — 4C(3)¢(5).

-1 ~1
25Recall that (sty...,s ,) S Ve Y S X XL Xy X




Algorithm LocaleCordinateldentification
Z(X) = {} LX) == {} Rirr(X) == {}
for p range in 2,...,00 do
for | range in the totaIIy ordered?® LynP(X) do
identify the coefficients of I, in Z, = B(y1)ny Z,,;
identify the coefficients of Py in 7xZ, = B(x1)Z,,
end_for;
by elimination, obtain the system of equations in {((X/)}/ecyne(x);:
by elimination, obtain the system of equations in {C(S/)}iccyne(v):
for I range in the totally ordered LynP(X) do
express the equation led by (%) as rewriting rule;
it ¢(X1) — ¢(%)
then Z32(Y) 1= Z32(Y) U {C(5)} and L32(Y) i= £35(Y) U {1}
else Ri(Y) = Rin(Y)U{Z) — T}
express the equation led by ((5;) as rewriting rule;
if ¢(S1) = ¢(S1)
then Z52(X) := Z52(X) U{C(S)} and £35(X) 1= £35(X) U {S))
else R (X) := Rin(X) U{S — U}
end_for
end_for

% LynP(X') denotes the set of Lyndon words over X' of weight p.



{C(S/)}leﬁynX\X

{C(Z/)}leﬁan\{yl}
The identification of local coordinates in Z, = B(y1)nyZ,,, leads to

Polynomial relations on local coordinates

1. A family of algebra|c generators Z,,,( ) of Z constructed as follows
) C o ZH C e R0 = U 2

Irr Irr rr

and their inverse image by a section of (,
LHX) C--- C LX) C - C LX) = U L3/ (X)

Irr Irr rr

such that the following restriction is bijective
¢:QILR(X)] = 2 = Q23 (X)] = QU<(P) }peze (x)]-
2. A ideal R generated by the polynomials {Q;} iccymx  homogenous

I5y1 ,x0 »X]
in weight (= (/)) such that the following assertionsoa;e equivalent
i. Q =0,
i. X — X (resp. S, —S)),
ii. X € L2(Y) (resp. S; € L29(X).

0+# Qis led by X, (resp. S)), being transcendent over Q[L2(X)],
and X, =T (resp. S; —U)) belonging Q[Lm ( )]. In other terms,
Y= Q+ T (resp. S5 =Q + U), i.e

{Sihecymx
Span@ {z/}leﬁynV\{yl} R‘X D SpanQ[’lrr( )



Homogenous polynomials relations on local coordinates

Identification local coordinates in Z, = B(y1)my Z,,, yields relations among
{C(Z1) esyny\{yiy+ of {C(S1)}iecynx\x, Which are independent from +.

l [ Polynomial relations on {<(z/)}/€£yny\{yl} “ Polynomial relations on {¢(SN} e cynx\x

3 C(Eyoy) = 3¢(Ty,) <Sp2) = Ggay)

4 (%)) = Z(E,) (53,) 2¢(Sqm )?
(Epn) = 156(E)° (S22 £5¢(Sxx )
C(z,vzy12) - %C(Zyz)z C(SXOX?) %C(Sxoxl)2

5 C(Zyap) = 3C(2y3)C(xyp) — 5¢(2ys) Baa) = 0052, )¢(500) +2¢(58, )
C(Eym) = —C(Ey3)C(Ey,) + 3¢(Tys) CS2ngn) = ~36(8a) + (5,2, )(Sx0x)
CEp2,) = 3CER)(E,) - B4(Ty) Sg.3) = —CS,2,0)¢(S00x) + 2 (Sa,)
6F,00) = 1<) ) = 3654,
C(F,,3) = 36ER)(ER) + §¢(Ty) CSpd) = SSa)

6 C(Ty) = HC(E,) Sesy) Zi(Sxon )’
C(Tyayy) = C(Ty)? — ¢(Ty,)° (5,4.2) £ ¢(Sxn)® — %C(ngxl)z
C(Tygy) = 2¢(Ey,)° — 3¢(Ey) S g) = 1056(S0x)’?
(Tyannm) = —3C(Ey,) + 3¢5y (53.3) %c(sxoxm—qsxgxf
(Tyarn) = 3¢(Ty)? — $5¢(5,)° ¢S, 002) 25 (S )’
C(F,,2) = 56(Ey)" = §6(5)° 52 250m) — 3108800 + 3¢S, )
(T2 = He(zy,)? - 3¢z,,)? S2.8) %U(S0x)® — 352, )
¢(F,,,3) = 2C(5)° CPED %<(sxoxl>3f<<sxgxl)2
Cx,8) = HC(E,)° + §4(E,)° CSp8) = $5¢(Sgn)’




Noetherian rewriting system & irreducible coordinates®’

[ [ Rewriting among {CED eLmy\ {11} “ Rewriting among {C(SN} e cynx\x
3 (Cry) — 3¢(E) Sp2) C(szxl)
4 () = 2(E,) GBay) — (S0 )
(Zyn) = 150(ER)° (52.2) — H (S )?
(F,2) — §E,) CS3) 7 §6(Sn)?
5 (Ehayy) = 3C(5)5)C(E,,) — 5C(Ty) Caa) = g )0 T2 )
CEyy) = —C(E)E(Ey,) + 3¢(Ty) Saasgn) 2<(5X3X1)+<(sxle) (o)
CEg,) = 3(ER)(E,) - B(E) Baa) = S, )6(S0x) +26(5,)
¢, = B6(E) CSguugd) 36 X4X1)
(ms) = HUT)C(E,) + 3C(T) CS8) (5X4X1)
6 (Ty) — BT, Gey) — 35<(sxm)3
(Tyan) = C(T)? = £¢T)° Sg) %c(smxlﬁf%asxgn)z
(Tyey) = 20(Ty,)% - 3¢(E),)° ) 185 ¢Sk )’
(Eny) = —30(ER)® + §UE,)? C(ngxla) = B(Sgn ) - C(ngxl)z
(Tyaran) = 3¢(Ey)? — §5C(5,)° CSaqpd) 25 (S )’
CEy2) HUEy)? — F¢(T,)° CE22sm) 210 $ (S0 )™ + %C(ngx1)2
(g2 - 634( 1)? = 3C(5y,)° Sg8) — S (S )% — %C(ngxl )2
=3 — a3 i ¢(%y,)° S ggrd) 1¢(Sx0n)’ = 2, :
(x,0) — oc(zyz) + 5¢(5,)? (Sp8) = %(Sgn)’
ZEHX) C - ZRP(X) C oo C ZR5(X) = Upna Z3P(X).

" The set of irreducible local coordinates forms algebraic generator system for Z.



Homogenous polynomials generating inside ker

Qe cynvy(yy I {Ql}leﬁynX\X J
3 (T — 37,5 =0 S5, 2 = 5, xl) =0
4 A (S, ~ S0n =0
(g — %zyiu H=0 C(ngx% - Lsmu%qz) =0
(x,,. 35,7 =0 G50 — ESan) =0
5 C(Eyay, — 35, HY, —55,.)=0 C(ngxf - ngxl W Sxgxq + 25x§x1) =0
qzmn - Z)’3 = ZYZ) + iz 5) =0 C(ng)qxoxl - %ngn - Sx2x1 w SX0><1) =0
g(zy22y1 -3y, Wy, gzyf,) =0 C(ngx3 — ngXI Wi Swgxg +25 4 y=0
C(=y,2 — %Zys) =0 IO %Sx‘lxl) 0
¢z, 5~ 1Ty BT+ 38, =0 (s, 8 — 5X4Xl) =0
6 c(zy6 o S (S5, — %5 50) =0
(e — 5572 - A% =0 42— B - lsuﬂ“fj) =0
C(Zysm — %Zyiﬂ P %Zy:ﬂ H=o0 3o — 105 5%0x ) =0
¢y — 36 zyiu S+ gz L3‘H =0 C(ngxf 3 5X0X13 - qu;xz) =0
e 3):y3 - %zyiﬂ3) =0 €S2 2052 %S 0%, )=0
C(Zy4y - %zyéﬂz - %ZYEHZ) =0 (s >< x2 TX0x1 B 281% XUSJX13 35 )_ 0
gz - BT - im0 =0 S, ~ HSon - %sxox )=o
C(zy3y1 “a zyl;ﬂ:%) =0 C(Sxoxlxoxf -3 quouxf sz)< )=0
CEy0s ~ 50 ):Yiu s zyiu H=o0 g8 — £S5 ) =0

Ry:=(spang{Qi}ieyny s 1y )
One has { N SLyYAin} C ker(.
Rx:=(spang{ Qi } e £ynx\x s, 1x*) = ¢



Noetherian rewriting system & totally ordered L3°(X)

Inr

€Ly

5/-)5/

l [ Rewriting among {ZI}IECan {1} “ Rewriting among {SI}CynX X ]
3 Ton 3in Sg2 T Sa2.
4 Y, — 2 252 ng o Z 530 o
Z4V3y1 - %2}2/2 ngx% - 110 30X1
S 25, Sod .
5 Ty, 3EyTy, —5r ngxf — _ngxl Sxox T 25X3X1
Ty 7 TyTn ik o 354, t 525 501
D 3T, - B 523 T TSag Yo 254,
Zysy% - %ZYS xoxlxgx% - % xéxl
w3 3Tt 3Ty Spd T Sy
6 T — %):32 ngXl - £ sfm
zJ/A)/Q - zf/g - 2471 ,32 Sxé’x% - %530)(1 - %ngxl
Ty %232 - % 3/3 xgxlxoxl - ﬁsfgxl
Ty, 7%232 + %2,33 ngxf - %Sfo)q - ngxl
Ty 3):53 - %):iz Bl fﬁsfoxl
R Ak 2 2y, T TS T 352,
Lo B, ~iE, Sgd 7 B 152,
Yo 7 7Ty, Soxod 51 50n ~ :gxl
ZYM; N %232 + %253 Sxox{’ N %Sfm
<2 < 5 <
L (X) C o LEP(X) C oo C LR (X) = Upz2 L3/ (X).
£an \ {}/1} Y, el (Y) Z/-)Z/
Vi e }ea=o

LynX \ X

) S/

(X)



(Q{Si}eLynx\x]w,1x+)

—(Z,x,1
{Z}ecynv\ ] w0, lys) ( )

Im and ker of ( : ©

Proposition
QU Sitierynax] = Rx @ QL (X)),
Q[{Z/}/eﬁan\{n}] =Ry ® QL (Y)]
We have seen that Ry C ker(. Now, let Q € ker(, (Q|1x+) = 0. Then
Q=Q1+ Q with Q; € Ry and @, € Q[ﬁm( )] Thus, Q =Ry Q1 € Rx.

Corollary
Q{¢(P)}pere=(x)) = Z2 =Im( and Ry = ker C.

Im¢ = QlLy- ® (Y — {y1})Q(Y)/ker ¢ = Qlx+ & xoQ(X)x1/ker .

Corollary
K
Z=Q1® P Z«, where Zy ;= spang{((s1,...,5)| > 5 = k} s, sreris, -
k>2 i=1 s>1r21

Now, let Q(X) > P ¢ ker ¢, homogenous in weight and let & := ((P).
Since Z,2, C Z,, then each monomial {”,n > 1, is of different weight.
Hence, ¢ could not satisfy ¢ + a,_1£" 1 4+ ... =0, with a,_1,... € Q.
In particular, for any s € L32(X), s is homogenous in weight. Then

Corollary
For any s € L2(X), ((s) is transcendent over Q.



On the Zagier's dimension conjecture
200 = {6050 ): €5,2,): 65,8, )+ (5,8, ) S5, 2,00+ €(S,8,)s

irr

XX
CS,024056)2 C(S 1o, D C(SXOX o] ) (5,42 XUXS) <( Xoxlxoxlﬁ)}'
<12
Ly (X )7{5x0x1,52 ,54 756 ,5X0X1X0X1 ng><1 SXOX Xoxf’sooxl’
304705 ) 6}

X0X{ X0 Xl X0 x1 x0x7 " X0 Xl X0X]

ZER) = {6050), €T, 6(505), (T, (%, 5), €T ), (zm)
<(E): c(zm

pX ¢(x .
) )<z, 0 NG 13,80}
<12 —

‘C,'r, (Y) = {Zy2vzy3vzy5azy7a Zy3y1552y91 Zy3y;{’ Zyusz Yo y! ?72}/3}/1972 22 8}<

Let d, :=dimZ,. Then dy = 1, d, = 0, dr = 1, di = dx—o + di_37

Up to weight 12, the Zagier's dimension conjecture holds meaning that

the elements of Z,%Z(X) are algebraically independent over Q.
LynY\{y1} Yn

1. Forany / € LomX\ D} + ON€ has /= 2% and T =

-1
Xg X1 Sa1 =x X'
ot

2. €(2) = ¢(Z,,) = €(Sxx) is then irreducible and, by C(2k)/7r2k it
follows that Zka = Yok §é EW( ) and ngk—l q = XO X1 §é ‘C/rr( ),
for k > 1,

3. Ty = Yont1 € L(Y) and Sny = x3"x1 € L3(X), for k > 57

Y2n+1



APPLICATION TO
KNIZHNIK-ZAMOLODCHIKOV EQUATION



KZ5 : simplest non-trivial case of KZ,

Let C3 = {(z1,22,23) € C3|z; # z,i # j} and T3 = {t12, t1 3, 12 3}.
1 d(z; — d(z; — d(z, —
dF = —(tL (2-2) t3 (2-2) t3 (z2 23))F.

C 2im

s Z )

71— 2 71— 23 z—2z3
It can be solved, over #(C3)((73)). Drinfel'd proposed a following solution2?
F(z1,22,23) = (z1 - 22)(“'2“1’3“2~3)/2in(*Z3 — 22>7
Z1 — 22
where G satisfies the following noncommutative differential equation® on ]0,1]
(DE) dG = (Awo — Bwl)G(s), with A = t172/2i’/T, B = t2,3/217r.
He also stated that there is a unique solution3® Gy (resp. G;) satisfying
Go(s)~pe?'8(s) = sA  (resp. Gy(s)~ e Bloel=s) — (1 — 5)~B)
and a unique series! ®x, so-called Drinfel'd series, s.t. Gy = G; P k.

He also proved that there is a group-like series®?, similar to ®xz, with
rational coefficients33.

BHow to get this solution?

PHow to integrate this equation?
%How to determine Gy (resp. Gi)?

3 How to determine ®y?

$2How to determine such series?
3What do these coefficients represent?



Integration of KZ3 by iteration

Let us denote z = (z1, 20, z3) and s = (s1, 52, S3), on (C3 and let
w13(2z) = (2ir)"1d log(z1 — z3),

Qy = tiswis + thswns, where w2 3(2) = (2im)d log(zs — z3).
Let us proceed by with Vj(z) = et12/2imlog(z1-22) and iteratively
V/(Z) — fz ef1,2/2i7\'(|0g(21—Zz)—|0g(51—52))Q2(5) V/,l(S)
0

= Vo(z) [ e t2/Amlogls==)Q0,(s) V)4 (s).
0

Then > V) = WG, where
>0

z Sm—1
G(Z) = Z Z fwil,jl(51)‘1‘9(0751)(1.1'1-]1) s f
m>0 t;l,jl...t,-m,,-me{tl,g,tz,3}* 0 0
w’m’Jm(s )Y/(O sm)(trm m)
Sm—1
= Z E fw’lafl S]-) ‘! w’m7_]m(sm)

m20 tiy jy o tipy jm €{t1,3,2,3}* 0 00 0
( sS1 .. Sm
¥ (tn Tn) S (t/m Jm) .

=2 (tiy jy -+ tim jm)

and ¢ is defined by p(02)(t; 3) = e*l-na2/Amesta-=)t, 5 for j =1 or 2.




Solution of KZ3 using generating series of polylogarithms

dG = (p(t13)w1,3 + @(t23)wn3)G.
In (P12): 21—z =1, p =1d and then, putting (z1, 2, z3) = (1,0, s),

. Xo = t1,3/2i7r, wo(S) = d|0g(5),
dG = (XILU1 + XOWO)Ga { X1 = —t2,3/2i7'(', W]_(S) _ —dlog(l _ 5).

L is the solution dG = (xiw1 + xowo)G satisfying asymptotic conditions:
L(S) ~p €0 logz  5nd L(S) ~y e Iog(l_z)Zuu’
— limL(s)e©"€z =1 and lim ex'8(=2)(s) =7,
z=0 z—1

and then ®y, =27, .

Let g be the hom. trans. s — (s — z2)/(z1 — z2) mapping {z2,z1} to {0, 1}.

L(g(s)) = L((s — z2)/(z1 — z2)) is a particular solution of KZ3 in (P1).
So does®* L((s — z)/(z1 — 2))(z1 — zo) (B2t tusttas)/2im,

Since [tio + tas + t13, t] = 0 then (z; — z) (B2t 23+43)/2IT commutes
with t and then with H(C2)({(73)), for t € T3. Hence, KZ3 also admits

(z1 — zp) (B2t t3t03)/2I7] (s — 7)) /(z; — z)) as a particular solution in (P ).

34(21 _ 22)(t1,2+f2,3+1-‘1,3)/2i‘fr — e((t1,2+t2,3+t1,3)/2i77)|°g(21*22)y being independent

on z3 = s and then belonging to the differential Galois group of KZs.



Candidates for Drinfel'd series with rational coefficients

Let 7ty be the morphism of algebras, defined over an algebraic basis, by
VI e ,CynX — {Xo},?"f’y(sl) = ﬂ'y(S/) and %y(Xo) = Xo
(such that Lig,  (z) = log(z) and then (., (Rx,(x)) = 0).

T:= > Hiryw and A:= > Lig, ., w,

weY* weX*
QYN >Z; = X vayryw and Z[ = 3 Cu(Ray(w))w € Z{(X)).
weY* weX*
Theorem
All constant terms of T,\,Z", Z equal 1 and
Au(M=TT and AL(N)=A@A,
Auw(Z))=2Z,®Z; and AL(Z)=2Z,Z,.
N N :
T = H eH*fy(Rz,)n’ and A= H eLlRﬁy(s,) Py ~g €% |og27
leLynY leLynX
7 = ﬁ e%’fv(f?z,)n/ and ZL — ﬁ eguu(Rﬁ'y(Sl))Pl.
" leLyny IeLynX

Moreover, for any g € G, there exists a morphism of linear substitution,
04, and a Lie series C € Liec (X)), such that \(g) = oz(N\)eC.



THANK YOU FOR YOUR ATTENTION



