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CayleyPy: AI-based open-source Python library to handle 
GOOGOL  size graphs

150+ stars on Github; Documentation; Tutorials; 300 notebooks with experiments

https://cayleypy.github.io/cayleypy-docs/index.html 

https://cayleypy.github.io/cayleypy-docs/index.html


First task - FOUR equivalent ways to explain:
1. (Fun) Solve a Rubik's cube (any puzzle)

2. (Math) Decompose group element into product of 
generators, e.g. decompose a matrix into product 
of given matrices 

3. (Graph) Find a path on a graph (Cayley graph)

4. (CS) Sorting problem 

Terminology: Diameter of graph - largest distance between nodes
= God's number = worst case performance of God's algorithm



Results and SOTA
1. C. Sims 1970:  Schreier–Sims 

algorithm (permutation groups)
2. Knuth, Donald E. (1991): 

randomized version (10ˆ20-10ˆ30)
3. CayleyPy beats by orders and 

orders of magnitude (10ˆ50-10ˆ120)

1. 1981 NP-hard:  optimal solutions 
and diameters

2. 1998-...: optimal solution 
NP-complete for Rubik's cube, etc

Complexity: 

Testbed for: automatic provers, "chatGPT", robotics … 



L.Babai conjecture - way to Fields medal :) 
1. For any generators of S_n , diameter < O(nˆ2) (open: even polynomial bound)
2. CayleyPy 10ˆ2-10ˆ3 times FASTER than GAP, so extensive comp.exp.:
3. New: explicit generators which conjecturaly maximize diameter - follow simple 

pattern: "square with whiskers" + involutions
4. New conjecture: diameter < nˆ2/2 + 4n 



Surprise: Diameters - "findable"(?!) = quasi-polynomials 
Example of quasi polynomial: nˆ2/3  if n = 0 mod 3, (nˆ2-1)/3 if n=1,-1 mod 3

1. Conjecture 1: Diameters of S_n are quasi-polynomials (for constructive 
generators)

2. Conjecture 2: Length (word metric) of ANY element is quasi-polynomial 
(constructive element and constructive generators)

Example ( https://oeis.org/A039745 ) : 

Two generators L - left cyclic shift, X = (1,2)

"father of Soviet cybernetics" V.M.Gluskov 1968 problem:

New conjecture: n>4: diameter (3nˆ2-8n+9)/4, n odd

(3nˆ2-8n+12)/4, n even . Checked n<16

https://oeis.org/A039745


Hundreds conjectures ("life exists beyond diameters")
Black diamond - new conjecture, blue diamond - we can prove  



RL explained in 1 minute. RL = graph path-finding

  Solving Bellam = simple iteration

Standard (forget it): Vocabulary:
States  =    Nodes of the graph
Actions  =    Edges
Reward(Penalties)   =   Weights of edges
Cumulative reward  =    Length of the path

Clearly tropical equation. What is tropical Sandpile ?

Obviusly: d(g,e)=d(g) distance from g to any "e", satisfy:



CayleyPy1 approach - diffusion distance based:
1) Train set via random walks: Ran many random walks trajectories starting 

from identity “id” and store pairs:  (g,k): g - node of graph, k - in how many 
steps it was achieved by random walk.  (

Train set -  pairs: ( permutation , n_steps ) 

2) Model: Train machine learning model - to predict “k” from “permutation”

3) Pathfinder (graph search, beam search):  

Start from node, take it all  neigbours,  compute neural net predictions, 
choose say 10 best (min predictions) nodes, repeat until "id" is found



Neural nets make mistakes: Beam Search to Compensate it
Beam Search = model of research community
Single researcher is exponentially less effective than two (group) 
of researchers, because "cannot break the wall" (stuck in local 
minimums)

Beam search: 

Has a single parameter - size of the beam 
(size of research group) say 10:

1 Look on all neigbours - choose 10 best 

2 Iterate 

Surpsie: 10 cannot be compensated by 10 
hours of single "researcher", because you 
stuck in local minimums and only others can 
researchers can provide breakthroughs to 
come out

Pipeline of all RL-like systems (e.g. 
AlfaGo):

1 Neural Net says where to move

(trained by "playing with itself")

2 Graph search compensates its 
mistakes (Monte-Carlo Tree Search, 
Beam Search, A-star, many other 
global optimization algorithms)



Polymath, Crowd-sourcing - attract 1000+ AI experts to math 
problem - easy - Kaggle just needs to "press one button" 

Kaggle = "world championship" for AI challenges. (It 
belongs to Google).

Math problems: optimize 1 number + easy to check 
correctnes  are  perfect for Kaggle

Challenges attract THOUSANDS participants. 
Competition are extremely tough!  Is not about money 
(no chance to get them, (I got twice :) ). It is about:

● Adrenaline, fame/glory/honor  
● "Reputation" - be "Kaggle grandmaster" - job will 

find you by itself

Create a challenge - if Kaggle decides "assign 
reputation" - you got 1000 AI-experts



Biological application - Cayley distance ~= evolutionary  distance

1999 cited: 1215



Bill Gates theorem on sorting pancakes 
●  Gates, W.; Papadimitriou, C. (1979). "Bounds for Sorting by Prefix Reversal". 

Discrete Mathematics. 27: 47–57. doi:10.1016/0012-365X(79)90068-2.

In 1979, Bill Gates and Christos Papadimitriou[11] gave an upper bound of 5/3n

Diameter (=God’s number) - the largest possible distance 
on the graph = the worst case number of operations for 
sorting algorithm = the number of moves solve in worst 
case

Pancake graph - Cayley graph for Sn, with generators: 
take first k pancakes, swap them and put back.

E.g. k=4: (i1,i2,i3,i4,i5….)->(i4,i3,i2,i1,i5,i6,....)

Pancake Diameter is UNKNOWN - open problem (n>20)

Diameter Rubik cube  UNKNOWN  n >3 . Etc… 

https://en.wikipedia.org/wiki/Bill_Gates
https://en.wikipedia.org/wiki/Christos_Papadimitriou
https://doi.org/10.1016%2F0012-365X%2879%2990068-2
https://en.wikipedia.org/wiki/Discrete_Mathematics_(journal)
https://en.wikipedia.org/wiki/Doi_(identifier)
https://doi.org/10.1016%2F0012-365X%2879%2990068-2
https://en.wikipedia.org/wiki/Bill_Gates
https://en.wikipedia.org/wiki/Christos_Papadimitriou
https://en.wikipedia.org/wiki/Pancake_graph#cite_note-Gates1979-11






Merge AI people with math people - find "low laying fruits"



Formalization: Tao, Gowers, Lean, Math.Inc (C.Szegedy) …



Thank you very much ! 



Revolutionize AI with second super string revolution methods 
(Mirror, dualities, etc). 

Spoiler for the next time:)

Current problem  - models need much more data than humans to learn something.

Models ignore structures. (They learn them from data) 

("When you fire linguist translation system starts to work better ")

But structures (e.g. grammar) exists.

Is there any clever way to use it to improve learning ? 

Hopefully yes and we need string theory methods to achieve it. 

Next time hope to tell you more :)


